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Abstract

We consider the problem of finding a stable matching of
maximum size when both ties and unacceptable partners

are allowed in preference lists. This problem is known to

be APX-hard, and the current best known approximation
1

VN

¢ is some positive constant. In this paper, we give a 1.875—

algorithm achieves the approximation ratio 2 — c—, where
approximation algorithm, which is the first result on the
approximation ratio better than two.

1 Introduction

An instance of the stable marriage problem consists
of N men, N women, and each person’s preference
list. A preference list is a totally ordered list including
all members of the opposite sex depending on his/her
preference. For a matching M between men and
women, a pair of a man m and a woman w is called
a blocking pair if both prefer each other to their current
partners. A matching with no blocking pair is called
stable. Gale and Shapley showed that every instance
admits at least one stable matching, and proposed
a polynomial-time algorithm to find one, which is
known as the Gale-Shapley algorithm [9]. There are
several examples of using the stable marriage problem
in assignment systems. Probably, one of the best known
applications is to assign medical students to hospitals
based on preference lists of both sides, which is known
as NRMP in the U.S. [11, 28], CaRMS in Canada [6],
SPA in Scotland [17, 18], and JRMP in Japan [24].
Another application is to assign students to schools in
Singapore [32].

Considering such applications, it is unrealistic to
require each participant to submit a preference list
strictly ordering all members of the opposite side. One
natural extension is to allow an incomplete list; in other
words, one may drop persons from the list whom he/she
does not want to be matched with. In this case, a
stable matching may not be a perfect matching, but
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all stable matchings for a fixed instance are of the same
size [10], and a slight modification of the Gale-Shapley
algorithm can find one in polynomial time. Another
natural extension is to allow ties in the list [11, 16].
Again, it is easy to find a stable matching by a modified
Gale-Shapley algorithm that breaks ties arbitrarily.
However, if we allow both extensions, one instance
can admit stable matchings of different sizes, and the
problem of finding a largest stable matching, which we
call MAX SMTI (MAXimum Stable Marriage with Ties
and Incomplete lists), is NP-hard [21, 29]. It is known
that any stable matching has size at least a half the
largest size, and there is a polynomial-time algorithm
that finds one if we do not care the size. Hence, a 2-
approximation algorithm is trivial. However, it has been
open if there is an approximation algorithm with the
ratio strictly better than two. The best known bound

was 2 — c—=, where ¢ is an arbitrary constant that

VN
satisfies ¢ < 7% [23].

Our Contribution. In this paper, we give a 1.875-
approximation algorithm, the first result giving the
approximation ratio strictly better than two. Our
algorithm is based on a local search similar to the
previous papers [22, 23]. It uses two subroutines,
INCREASE and STABILIZE. For a given stable match-
ing M, INCREASE outputs another matching M’ with
a desirable property such that |M’'| > |M| but M’
may not be stable. STABILIZE changes this M’ into M"”
which is stable without decreasing the size. In [23], it
was proved that INCREASE successfully works if |M| <
OFT + ¢\/|M| where OPT denotes the size of a largest
stable matching, which can only guarantee an approx-
imation factor of 2 — o(1). In this paper, we improve

INCREASE so that it will work if |M| < 25T + OFT

which then implies an approximation factor of 2 — %.

The basic idea of the improvement is as follows:
Suppose that we are now given a matching M and a set
U of men who are single in M. Then we want to increase
the size of M by finding a “good” partner for one of U.
Here, “good” means that such a new matching does not
create new blocking pairs of prohibited type. In the
previous papers, such a partner was found by a sort of
exhaustive method. In this paper, we consider possible

prohibited blocking pairs created by the new matching



in advance, and Kkills such possibilities by modifying the
current M also in advance. We can thus guarantee
that the new matching does not create new prohibited
blocking pairs.

Related Results. As mentioned above, MAX SMTI
was proved to be NP-hard [21] and then to be APX-
hard [12]. Subsequently, it was shown that MAX
SMTI cannot be approximated within 21/19 unless
P=NP [14]. For restricted inputs, there are a couple
of approximation algorithms with factors better than
two [13, 14]. Other than SMTI, research on the
problems of finding matchings based on preference
lists has been quite intensive recently, which includes
variants of stable matchings [7, 3, 8, 20, 27], rank-
maximal matchings [19], Pareto optimal matchings [1],
and popular matchings [2].

There are several optimization problems that re-
semble MAX SMTI, where designing a 2-approximation
algorithm is trivial but obtaining a (2 — ¢€)-
approximation algorithm for a positive constant € ap-
pears to be extremely hard, such as Minimum Ver-
tex Cover (MIN VC for short) and Minimum Maxi-
mal Matching (MIN MM for short). As is the case
with MAX SMTI, there are a lot of approximabil-
ity results for restricted versions of these problems.
For example, MIN VC is approximable within 7/6 if
the maximum degree of an input graph is bounded
by 3 [5], or within 2/(1 + €) if every vertex has de-
gree at least €|V]| [26]. For MIN MM, there is a
(2 — 1/d)-approximation algorithm for regular graphs
with degree d [33], and a PTAS for planar graphs [31].
For general inputs, (2 — o(1))-approximation algorithms

are presented for MIN VC, namely, 2 — %

2—(1- 0(1))215;1";)?/‘ [30, 4, 15]. Very recently, this has

been improved to 2 — @(m) [25].

and

2 Preliminaries

2.1 Notations and Definitions In this section,
we formally define MAX SMTI and approximation
ratios. An instance I of MAX SMTI comprises N men,
N women and each person’s preference list that may be
incomplete and may include ties. Let Y and X denote
the set of men and women, respectively. We usually use
m, m;, etc for men, and w, w;, etc for women. If a
man m includes a woman w in his list, we say that w
is acceptable to m. If m strictly prefers w; to w; in I,
we write w; =m, wj. If w; and w; are tied in m’s list
(including the case that w; = w;), we write w; =, w;.
The statement w; >, wj; is true if and only if w; >, w;
or w; =p; w;. We use similar notations for women’s
preference lists.

A matching M is a set of pairs (m, w) such that m is
acceptable to w and vice versa, and each person appears
at most once in M. For a matching M, let MY and MX
denote the set of men and women in M, respectively. If
m & MY (w ¢ M¥X, respectively), we say that m (w,
respectively) is single in M. We sometimes call a pair
(m,w) € M an edge of M.

If a man m is matched with a woman w in M, we
write M(m) = w and M(w) = m. We say that m
and w form a blocking pair for M (or simply, (m,w)
blocks M) if the following three conditions are met:
(i) M (m) # w but m and w are acceptable to each other.
(i) w = M(m) or m is single in M. (iil) m >, M(w)
or w is single in M. A matching M is called stable if
there is no blocking pair for M. MAX SMTI is the
problem of finding a largest stable matching.

A goodness measure of an approximation algorithm
T for a maximization problem is defined in the usual
way: the approzimation ratio of T is max{opt(x)/T(x)}
over all instances x of size N, where opt(x) and T'(x)
are the size of the optimal and the algorithm’s solution,
respectively. Throughout this paper, we denote the
maximum size by OPT.

2.2 The Gale-Shapley Algorithm Since we use
the Gale-Shapley algorithm (GS algorithm for short) as
a subroutine, let us briefly explain it (see e.g. [11] for the
full description). At the beginning of the algorithm, all
men and women are free. At each iteration, an arbitrary
free man (say, m) makes a proposal to the best woman
(say, w) among those he has not yet made a proposal.
If w is free, w instantly receives a proposal, and m and
w become newly matched. If w is currently matched,
then she compares m and her current partner, and takes
the better one. The man who is refused by w becomes
(or remains) free. When there is no free man who has
a woman to make a proposal, then the GS algorithm
terminates. We can prove that the resulting matching
is stable.

Of course, we can consider the same algorithm with
the role of men and women exchanged, so that women
make and men receive proposals. This may produce
a different stable matching, so when considering the
GS algorithm, we have to specify which gender makes
proposals. In this paper, we use the former variant,
which we call men-propose GS algorithm. It should be
noted that, in the GS algorithm, once a woman receives
a proposal, she never becomes single again, so that she
is matched at the end of the algorithm. This property
is used in the analysis of the approximation ratio.

2.3 Algorithm LOCALSEARCH(I) In this section,
we review the algorithm LOCALSEARCH presented in



(22, 23]. It takes a MAX SMTTI instance I and outputs
a stable matching for 1. The algorithm first uses the
GS algorithm described above. Then it goes to the
while loop consisting of two subroutines, INCREASE and
STABILIZE. INCREASE takes a stable matching M for I
and outputs a (not necessarily stable) matching M’ such
that |M'| > |M| and M’ satisfies the following property
II:

IT: For any blocking pair (m,w) for M’, either
m or w is single in M’.

INCREASE may fail to find such a matching.
STABILIZE takes a matching M’ with property II,
and outputs a stable matching of size at least |M’|.
STABILIZE never fails. (STABILIZE will be explained in
Sec. 2.4.) The complete description of LOCALSEARCH is
as follows:

Algorithm LOCALSEARCH([)
1: M = arbitrary stable matching for I.
/* This can be done in polynomial time by
arbitrary tie-breaking and applying the
GS algorithm. */
2: while (true)
3: { M’ = INCREASE (M).
If INCREASE fails, exit while loop and
output M.
4: M = STABILIZE (M'). }

It was shown in [23] that while [M| < 2L +c\/|M],
INCREASE never fails, and hence we finally obtain a
. . OPT :
stable matching of size at least 5= + cy/|M|. This
gave an upper bound on the approximation ratio of
LOCALSEARCH.

2.4 Procedure STABILIZE (M) Recall that
STABILIZE takes a matching M having the property II
and makes it stable without decreasing the size. Here we
give the full description of STABILIZE. For a matching
M, define BP;s ., (M) (s means single and m matched)
to be the set of blocking pairs (m,w) for M such that
m is single and w is matched in M. Similarly, define
BP_ (M) to be the set of blocking pairs (m,w) for M
such that w is single in M (m may be single or matched).

Procedure STABILIZE(M)
1: while ( BPs (M) #0)
2: {Select (m,w) € BPs p,(M).
3:  w* = woman such that (m,w*) € BP;, (M)
and there is no (m,w’) € BPs (M) such
that w' =,, w

M = M — {(M(w"),w*)} U{(m, )} }
: while ( BP_ (M) #0 )
{Select (m,w) € BP_ s(M).

m* = man such that (m*,w) € BP_ (M)
and there is no (m’,w) € BP_ (M) such
that m’ =, m

8: if ( m* is matched in M )

9: M =M —{(m*, M(m*))} U{(m*,w)}.

10: else
11: M =MU{(m*,w)}. }

IR

We will give an idea of the correctness proof. During
the first while loop, STABILIZE resolves blocking pairs in
BP; ,,(M). Consider an execution of the 4th line. It
is easy to see that this operation does not decrease the
matching size. Observe the following:

(1) For women’s side, only w* changes the status. She
gets a better partner (since (m,w*) was a blocking

pair).

(2) For men’s side, M(w*) becomes single from
matched, m becomes matched from single, and
other men do not change the status.

We can prove that the new matching does not break the
condition II. By (2), if there arises a new blocking pair,
then it must include the man M (w*) because only he
gets worse off. But M (w*) is single in the new matching,
and hence does not break II. Another possibility is
that (m,w) was a blocking pair in M such that m was
single and w was matched. In the new matching, m gets
matched and (m,w) remains a blocking pair, resulting
that (m,w) is a blocking pair such that both m and w
are matched. However, this does not happen since m
selects w*, one of the best women among all women w
such that (m,w) is a blocking pair and w is matched.

By (1), we can see that STABILIZE exits the while
loop within N? iterations, and by the condition of
exiting the loop, all blocking pairs in BPs,, (M) are
resolved.

The second while loop resolves blocking pairs in
BP_ ;(M). Similarly, we can show that STABILIZE exits
this loop within N? iterations, and this loop does not
create prohibited blocking pairs. (This time, “prohib-
ited blocking pairs” include ones in BPs (M), which
we have already resolved.) Then, clearly the output
matching is stable since all blocking pairs are resolved.

3 Improved Algorithm

Now we give an improved algorithm INCREASE. Figs. 1,
2 and 3 show an example of the execution of INCREASE.
(See below for details.) In the next section, we prove
that INCREASE never fails if [M| < £OPT. (Recall



INCREASE takes a stable matching M as its input.)
Hence, we can obtain a stable matching of size at least
£ OPT by LOCALSEARCH.

Procedure INCREASE(M)
/* See Sec. 2.1 for the definition of MY, M etc. */

1: Construct a bipartite graph G; = (U, Vi, E),
where U; = MX, Vi =Y — MY, and F; includes
an edge between w € Uy and m € Vi if and only
if M(w) =, m.

2: Find a maximum matching in G, and let it be P.

3: Let M’ be the subset of M such that w € M'X iff
w € PX.

4: Let My =M — M'U P.

5: Construct a bipartite graph Gy = (Us, Va, E2),
where Uy = M"Y, Vo = M;X, and Es is defined
as follows:

F=X— MY
For each m € Us
{ Let My, = My U{(m,w*)}, where w* is the
woman whom m prefers best within F'.
(Select an arbitrarily woman if there are
ties. M, is undefined if there is no such
w*.)
Add an edge (m,w) to Ey iff M, is defined
and (m,w) blocks M,,. }

6: Apply men-propose GS algorithm to G, and let
@ be the resulting matching. (Before applying
GS algorithm, for each man m and woman w,
delete m from w’s list, and w from m’s list if
(m,w) & Es. Also, for each person’s preference
list, break ties arbitrarily.)

7: Let M” be the subset of M; such that w € M"X
iff w € QX.

8: Let M2 = M1 —M”UQ.

9: For each m in M"Y — MY, do the following:

{M* = My U{(m,w")}, where w* is the woman
whom m prefers best in F'. (Select an arbitrary
woman if there are ties. M* is undefined if there
is no such w*.)

If M* satisfies II, then output M* and stop. }
10 ~ 18: Do the same operation as lines 1 through 9
by exchanging the role of men and women.
19: Output failure, and stop.

Here, let us briefly describe an execution of the first
half (lines 1 through 9) of INCREASE using Figs. 1 to
3. Vertices corresponding to men are denoted by black
ones, while those corresponding to women white ones.
Fig. 1 (1) shows an input matching M. Fig. 2 shows
how to construct Gy, where “wq : ms (ma mfs m}) mg”
shows the preference list of wy, meaning that wo likes
mg best, then mq, mj and m) with equal preference,

and then mf. Dotted lines are then added to F;. At
line 2, INCREASE finds a matching P, and P defines
the matching M’ (Fig. 1 (2)). At line 4, matching M,
is constructed from M by removing M’ and adding P
(Fig. 1 (3)).

Using M7, INCREASE constructs the bipartite graph
Go at line 5. Fig. 3 (1) shows Uz, V2 and F. When
determining the edge set Fy of GG, each member of
U, is provisionally matched to a best woman in F. In
Fig. 3 (1), m is provisionally matched to w*, and as
a result, m creates two blocking pairs between women
in V5, denoted by dotted edges. These two edges are
added to Es (Fig. 3 (2)). G is the result of doing the
same operation to all men in U; (Fig. 3 (3)). At line 6,
INCREASE finds a matching @ by applying GS algorithm
to G2 (Fig. 3 (4)).

INCREASE then adds @ to M; (Fig. 1 (4)), and
removes old edges if a woman is matched with two men.
The resulting matching is My (Fig. 1 (5)). Note that
My is of the same size as the input matching M. At
line 9, INCREASE creates a matching by adding one edge
(m,w*) to My for each single man m € Uy (Fig. 1 (6)),
and outputs it if it satisfies II. If this happens, then we
are successful since the output matching size is greater
than the input matching size by one.

4 Analysis of the Approximation Ratio

It is not hard to see that INCREASE runs in time poly-
nomial in N. As mentioned above, if INCREASE outputs
M* at lines 9 or 18, then INCREASE succeeds. In the fol-
lowing, we show that this is the case if [M| < £OPT,
namely, either there is at least one man m* in M'Y — M’
at line 9 such that My U {(m*, w*)} satisfies II (where
w* is the woman selected for m* at line 9), or there is
at least one similarly desirable woman at line 18. In the
rest of this paper, we always assume that |M| < %OPT
even if it is not explicitly stated.

Now we start analysis. First, let us fix an arbitrary
optimal solution M,y (which is of course unknown to
the algorithm), a largest stable matching for the given
instance I, and let M be an input for INCREASE, a stable
matching for I. Let us define the following bipartite
graph Gy, m: Each vertex of Gyy,,, v corresponds
to a person in I. There is an edge between vertices
m and w if and only if My(m) = w or M(m) =
w. If both Moy (m) = w and M(m) = w hold, we
include two edges between m and w; hence Gy, ,,, v is a
multigraph. An edge (m, w) associated with My, (m) =
w is called an M,,:-edge. Similarly, an edge associated
with M (m) = w is called an M-edge. See Fig. 4 for an
example, where M,,;-edges are bold and M-edges are
light. Observe that the degree of each vertex is at most
two, and hence each connected component of Gyy,,, m



is a simple path, a cycle, or an isolated vertex.

We now divide the M-edges of Gyy,,,, ;s into two
categories, good edges and bad edges. If an edge of
M is in a component that is a path of length three
starting from and ending with M,,:-edges, then it is
called Mope-good or simply good if M,y is clear. (See
Z-shaped components of Fig. 4.) Otherwise, it is M-
bad or simply bad. Intuitively speaking, if |M| = Og’T,
then there must be a lot of good edges; our algorithm
attacks each good edge to replace it by two matching
edges. The following lemma, proved in [22], gives an
important property of good edges:

LEMMA 4.1. [22] If (m,w) is a good edge of M, then
(i) w = Mope(m), (it) m =y Mopt(w), and (iii) either
W = Mopt(m) or m =y, Mopt(w).

Proof. (1) If Mop(m) >, w, then (m, Myp(m)) blocks
M, which contradicts the stability of M. So, w >,
Mopi(m). (ii) For the same reason, m >, Mop(w).
(iii) If both w >, Mop(m) and m >, Myp:(w) hold,
then (m, w) blocks My, which contradicts the stability
of Mopt.

Let (m,w) be a good edge. Then, by Lemma 4.1
(iii), either w =y, Mopt(m) or m =y, Mope(w). Without
loss of generality, we assume that at least half of
good edges of M satisty m =, Myp(w), and prove
that INCREASE outputs a desirable matching at line 9.
(Otherwise, it outputs a desirable matching at line 18,
the proof of which is similar and is hence omitted in this
paper.) We first show, in the next lemma, that there
must be at least one man m in M"Y — MY which has
a specific property and later in Lemma 4.3, we show
that this man is exactly what we want as m™* mentioned
above.

LEMMA 4.2. Assume that |M| < £OPT. Then at line
9, M"Y — M) is not empty and contains at least one m
such that (m, M(m)) is a good edge of M.

Proof. This is a key lemma and the proof goes like this:
Since (m, M (m)) must be good, we first consider the set
U3 (C Us) which contains all m such that (m, M(m)) is
good. Claim 4.1 bounds the size of Uj from below. We
then evaluate the size of N(US) C Va, the set of vertices
(women) adjacent to at least one vertex in U}, in Ga.
Observe that in @, men in U} can be matched with only
women in N(Uj). So, if we show |Uj| > |N(Uj)|, then
there is at least one man in U} who remains single in
@, and hence single in Ms. This is the man that we
want to show existence. So, we are done if we can prove
|Uj| > |N(US)|. To do so, in Claims 4.2 and 4.3, we
verify the conditions that w € V4 is not adjacent to Uj,

which allows us to bound |N(UJ)| from above and to
make the above mentioned goal. Let b be the number
of bad edges of M.

M|—3b
CrLam 4.1. |Uj| > "T

Proof. First, we show that |P| > |M2‘_b. Since the

number of bad edges of M is b, the number of good
edges of M is |[M|—b. Recall that we have assumed that
at least half of these good edges (m,w) satisfy m =,
Mopi(w). Hence, this number of such w have an edge to
Mopi(w) in the bipartite graph Gi constructed at line
1 of INCREASE. Observe that Mypi(w) # Mop(w') if
w # w’. So a maximum matching in G; is of size at
least ‘lefb, which implies |P| > W.

Observe that |Uj| is equal to the number of good
edges of M included in M’ by the definition of UJ.
Also, observe that |M’'| = |P|, implying that |M'| >
W. Since there are b bad edges, M’ includes at least
M| —b > |M\2—3b
the proof.

good edges of M, which completes

Cram 4.2. If (M(w),w) is a good edge of M, then
w & N(Us).

Proof. Suppose for contradiction that w € N(UJ).
Then, by the definition of N(UJ), there are a man
m € U} and an edge (m,w) € E,. Consider the
matching M, created in constructing Gs, which is the
result of adding a pair (m,w*) to M;. Since m € U,
(m, M(m)) is a good edge of M by definition. Then,
Mopi(m) is single in M by the definition of good edges,
and is also single in M7 by the construction of M7, which
means that Moy (m) is in F. So, w* >, Mopt(m) since
w* is one of the best women in F for m. But since
(m,w) € By, w =, w*. Hence, w >, Mopt(m).

Since (m,w) € Ea, m >, Mi(w), and by the
construction of My, My(w) =, M(w). Now, since
(M (w),w) is a good edge of M, M (w) =y Mopt(w) by
Lemma 4.1 (ii), so that m >, Myp(w). Then, (m,w)
blocks Mo, contradicting the stability of Mop;.

CLAIM 4.3. Consider the bipartite graph G, ,, m (see
the top of this section for the definition). Consider its
connected component which is a path of length at least
five, and starting from and ending with M,y -edges. Let
its vertices be mq, w1, Mg, Wa, - -+, Mg, Wk in this order
along the path. Then wy & N(U}).

Proof. Suppose that w; € N(US). Then, by the
definition of N(Uj), there are a man m € Uj and an
edge (m,w;) € Fy. By the same argument as the proof
of Claim 4.2, we can conclude that wi >, Mopi(m).
Since m; and w; are matched in Mgy, my in-
cludes wq in his list. If m; =, me, then (mq,w;)



blocks M, contradicting the stability of M. So, ma(=
M(un1)) =w, mi(= Mop(wr)). By the construction
of My, Mi(wy) =y, M(wy). Hence, Mi(wi) >,
Mopt(wn). Finally, since (m,w1) € Eg, m >, Mi(w1),
resulting that m >, Mopt(wi). Then, (m,w;) blocks
Mo,pi, a contradiction.

Now, we continue to prove Lemma 4.2. Recall that
b is the number of bad edges of M. We classify bad
edges of M according to the type of the connected
component they belong to in Gyu,,, m. Let x be the
number of edges of M that belong to, in Gy, a, a
cycle, a path of even length, or a path starting from
and ending with M-edges. For a positive integer i(> 2),
let y; be the number of edges in M that belong to a
path of length 2i + 1 starting from and ending with
Mopi-edges (so, this path contains ¢ M-edges). Then,
b=x+ys+ys+---. Let g be the number of good edges
of M. Then, |IM|=g4+b=g+x+y2s+ys+---. The
following inequality is easy to verify from the definition:
OPT <2g9+z+ %yz + %yg + -+ -. Using this inequality,

1 3 4
4.1 > S(OPT — 2 — 2yy— 2ys — -2,
4y g = 500 = 5Y2 — 23 )
By our assumption, |M| < %OPT. Using this and the
above (4.1), we have

1,15 3 4
(2 M —z— Sy — —yg— -
9 > F(gIMl=z—5y2— gy )
1,15
= 5(—8(g+x+y2+y3+m)
I O
23/2 3y3 .

From this inequality, we have that

Tk —8
g > 7x+z Yk-

(4.2)
k=2 k

Using Claim 4.1 and the above (4.2),

, IM|—-3b g
U2 2 —5— —§—$—§ Yk
k=2
) 5k —8
(4.3) > §x+k:2 o Yk

We then estimate the size of N(UJS). Consider a
woman w in N(U}). Since w is matched in Mj, she
is matched in M (note that MX = M), so there
is a pair (M(w),w) € M. By Claim 4.2, this is not
a good edge of M. Now, suppose that the connected
component of Gy, n that (M(w),w) belongs to is a
path (mq, w1, ma, wa, -, Mpt1, wrt1) of length 2k + 1

(k > 2) starting from and ending with M,,-edges.
Then, by Claim 4.3, w # w, namely, (M (w),w) is not
(ma2,w1) € M. So, among k edges of M in this path, at
most k — 1 edges can be such (M (w),w). Hence,

E—
NUD| <z +
GRS B

(4.4) 1yk~

Since Jx + 3, BBy = @ 4+ X, Bty +
%x + > o %yk, it is not hard to see that for any
positive integers x, yi and k > 2, gx +> o %yk >
T4+ > o B ye. Thus, from (4.3) and (4.4), we have
that (US| > |N(U3)|. Recall that this is what we wanted
to show.

Let m* be the man whose existence is guaranteed
by Lemma 4.2. We show that the matching M, U
{(m*,w*)} constructed at line 9 satisfies II, namely,
INCREASE performs a successful computation. This will
be proved in Lemma 4.3, but to help it, we first prove
Claim 4.4.

CLAIM 4.4. The matching Ms constructed at line 8 of
INCREASE satisfies I1 (II is originally for the matching
M, but here we use it for Ms).

Proof. Partition edges of M, into three types:
(1) (my,w) € M N M, (2) (m,w) € PN M,, and
(3) (m,w) € QN Ms. For £ =1,2 and 3, let Yy and X,
be the sets of men and women, respectively, matched in
M5 by an edge of type ().

Assume that My does not satisfy II. Then, there
are edges (m,w) and (m/,w’') in My such that (m,w’)
blocks My. We consider four cases according to which
sets m and w’ belong to.

Case (i): m € Y1 UYs and w' € X5 U X, If
m € Y7, m is matched with the same partner in M and
Ms. If m € Yo, m was single in M but is matched in
M. If w' € X3, w' is matched with the same partner
in M and M. If w' € Xo, Ma(w') =y M(w') by the
construction of P. For any combination of m and w’, if
(m,w") blocks Ma, then it also blocks M, contradicting
the stability of M.

Case (ii): m € V1UY; and v’ € X3. w € X3
means that (m/,w’) € Es in the bipartite graph Gs.
This means that m' =, M;(w’) by the construction of
G2. By the construction of My, M;(w') =, M(w'), so
that m’ =, M(w'"). By the same observation on m as
Case (i), if (m,w’) blocks Ma, then it also blocks M, a
contradiction.

Case (iii): m € Y3 and v’ € X; U Xa. We
further consider two cases: (iii)-(a) (m,w’) € E5 and
(iii)-(b) otherwise.

Case (iii)-(a): Since (m,w’) blocks Ma, w' >,
w. Since (m,w') € E2, w' was in m’s list when GS



algorithm was applied to G3. Since m is matched to
w as a result of GS algorithm, m proposed to w’ but
was rejected. This means that w’ is also matched in Q.
Then w’ must be in X3, contradicting the assumption
w’ € X1 U X, of this case.

Case (iii)-(b): Since (m,w’) blocks Ma, m >
m’, and since w' € X1 U Xy, m' = Ma(w') = My (w').
Because m € Y3, (m,w) is an edge in F3. Consider the
matching M, created when constructing Go. In M,,,
(m,w") is added to My, where w” is a best woman for
m in F. Since (m,w) € Es, (m,w) is a blocking pair
for M,,, which implies w >, w”. Since (m,w’) blocks
Mo, w' > w, s0 W' =, w”. Then, (m,w") blocks M,,,
and the edge (m,w’) must be in Fs, a contradiction.

Case (iv): m € Y3 and v’ € X3. Again, we
consider two cases: (iv)-(a) (m,w’) € FE2 and (iv)-
(b) otherwise.

Case (iv)-(a):  For the same reason as Case
(iii)-(a), we can show that during the execution of GS
algorithm, m proposed to w’ but was rejected. At this
moment, w’ was matched with a man better than m,
and after that, she never becomes worse off, implying
that m’ =, m since w’ is matched with m’ in ). Hence
(m,w") cannot block M.

Case (iv)-(b): Since (m/,w') € FEa, m' =,
M (w'). Since (m,w’) blocks Ma, m >, m', resulting
that m >, Mp(w’). Then, for the same reason as
Case (iii)-(b), we can show that (m,w’) blocks M,,, and
hence (m,w’) is in Es, a contradiction.

LEMMA 4.3. Let m* be the man described in
Lemma 4.2. Then, My U {(m*,w*)}, where w* is
the woman selected for m* at line 9, satisfies 11.

Proof. For simplicity, denote H = My U{(m*,w*)}. By
Claim 4.4, M, satisfies I1. Hence, if H does not satisfies
I1, then there is an edge (m,w) in M such that (m,w*)
or (m*,w) blocks H.

First, suppose that (m*, w) blocks H. Observe that
m >y Mi(w) (because if w is matched with different
partners in M7 and M, then she prefers the partner in
Ms), and since (m*,w) is a blocking pair, m* =, m,
resulting that m* =, Mj(w). Also, since (m*,w) is
a blocking pair, w >, w*. Then, since w* is one of
the best women for m* in F, this means that (m*,w)
blocks My« i.e., (m*,w) € E3. Then, since m* is single
in @, he proposed to w during the GS algorithm, but
was rejected. So, w must be in X3 (in the classification
defined in the proof of Claim 4.4), and is matched with
a man better than m* in @, ie., m =, m*. This
contradicts the assumption that (m*,w) blocks H.

Next, suppose that (m,w*) blocks H. Consider
the classification Y7, Y5 and Y3 used in the proof of
Claim 4.4. If m € Y1, H(m) = M(m), and if m € Y3, m

was single in M but is matched in H. Note that w* was
single in M but is matched in H. Then, if (m, w*) blocks
H, it blocks M, a contradiction. Now, suppose that
m € Ys. Since (m,w*) blocks H, w* »,, w. As m € Yj,
(m,w) € Ey. Consider the matching M,,, and suppose
that (m,w') € M,,. Then, wt =, w* since both w*
and wt were in F, and wt was selected rather than w*
as a partner of m in M,,. Recall that (m,w) € E5. This
means that w >=,, w™ by the construction of Es. So,
W = wT =, w* =, w, a contradiction.

Since M* at line 9 can be this matching My U
{(m*,w*)}, the following theorem is now immediate.

THEOREM 4.1. If |[M| < £OPT, INCREASE does not
fail.

COROLLARY 4.1. The approzimation
LOCALSEARCH is at most 1.875.

ratio of

5 Concluding Remarks

If we consider more technical details in the analysis,
which will make it much more complicated, it seems
possible to obtain somewhat better approximation fac-
tor. Currently, we have an example for which our

LOCALSEARCH fails for M such that |M| = %, which

means that there is a room for improving analysis to
obtain an approximation ratio of 1.75. One of the chal-
lenging future work is to investigate whether we can
improve our analysis to prove this upper bound.
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Figure 1: An example of computation by INCREASE
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