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D3D2FEH, 11 EDOF—ILHY, 50Z:8<{DSMEIUVELT-. #LUVERE
D=H DIEHERONIREBTILIAVALFRETHAHXNCHERNTHIDL
SI2EY, KO—92avTE, TOMBEEDOBLLIHEBDO-OICHAMIMMELT:. 18
HERT7ILO)ALEZRR T A5 RETIZVIEMBIENTE, £-MLOWESE
EDRZFRMNIEIN, BETILDAVALOMEEEHEZHRBITE-ODRIDATY
TELTIEEERE =D TIEBEULMNERWELE:. REDTARDyiavntwsy
v TIE, FhFAO (L) REFIZ X, 3-SAT, SAT, TSP &) IZELT, Th
FTOHRBOERLGLVICHENRBIHEEZSEHELI-VI T —/N\—ZiAb LT
TIXEIMELSENREINFELS-.

ICALP [ERBELLVWERREE THOTETLLVRXNZL, TOHRTESHMNE
REF =X E VN OMBA LWL ERBNET.

The Spectral Gap of Random Graphs with Given Expected Degrees, Amin Coja—
Oghlan and Andre Lanka:

F57DREBEEFRELEL—) ATy T ILI) XLDEWIZ, ARG ILFiE
MNEITHAZELHMONTWNEY. CNET, TORAAENERINTE 5
FLTZ7D0MmIE, DREDEFED regular THAHELDTLI=. THIZHLT,
BIZIE, 123 —FICDRA T ZTDIDRENL “power law” 21D, DFY, H5
EH c ITRHLT, REd D/—FDHIE d{-c} ITHHIT D, ELVDERELDL,
irregular 229 57 /S ZEIZIXERMLZA)YENHYET. ZOHRIXTIE, power
law ISR HZEL, KY—RHLEDTEEEZL, TORHITHLT, ARILIIL
FRHTIN (regular BT ST7DRTHDIBEL) IFEAERILLIICGERIIRXESET
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SLVBRATEDIEERLEL.. CNOEITHRRIS, BRI STDDMICHT S
EERNHY, COMIXIIBREITSTDR I T HLDT, RITHEZHTT 55
BLig->TULVET.

The Connectivity of Boolean Satisfiability: Computational and Structural,
Dichotomies, Parikshit Gopalan, Phokion G. Kolaitis, Elitza N. Maneva, and Christos
H. Papadimitriou:(CH &, EBEDEBSAICH—RALTELLVELT. 3554, U
TOERBIZRELONIE, TNIEAREREENEETT. )

COEXIE, n ZEHIT—ILHERIZHLT, D n RL/N\(/\—F1—T L DEZE
FIMDEFETHAEINEIMN? LS (U T Tl EERZBEEMTFUET) #1K
STULVET . 19784F, Schaefer A%, 2RM Dichotomy Theory ALY ILD K5 TL—
LO—9FRELFELE:. TSREKXL, LTOWT b EHm-EE ZOFRBATEEMS
ML ZIEXBFRIETERIRETH S

1. TRTOEA 2-CNF TERIRTES.

2. T RTDEIH Horn—-CNF TEER TES.

3. TRTDHEIN dual-Horn-CNF TERR TE 5.

4. $RTDED Affine THAH N T4 TRRBTES).

FNLUSNDFE B ATEEHRIEIL T R T NP-ZLTHD. | (COTFHEKY, SATDZE
FETH D NAE-SAT > XSAT M NP-Z2Thd LRS- &lE, KL<HonT=
EETY. ) UKTHE HEXNULOmEODONIT NI ER-TIEE, HEXMN
SCHAEFER T#HAEWSZEIZLET. COHRXTIX, LLE® SCHAEFER ZE(Z4
595 "TIGHT” LLVWOHMHEFZR VL GELImXESET I, fESRBREIC
DULVTROD Dichotomy Theory ZRLELT=. FRERX A TIGHT THNIE, FDOHEE
HEFIREIL coNP THS. TN LN DR EFERIREIL T X T PSPACE-E£THD. 1F
f=, I A TIGHT TH D Non-SCHAEFER THMNIL, R EFERIED coNP-5EL
[ZIEBIEMNTENTHY, SHXDHZE T, SCHAEFER HiAEX DR ELERIEILS
ERABEFERARETHS (TN X, HERDEERKEREIZEIL TIXTrichotomy
Theorem MEEYILD), &LV conjecture 3T TLVET. TDconjecture IZEAL T,
SCHAEFER M55 MEH1£4(2DWT, fLEERIENZIEX BRI CEHERIRETH
BHEIF(THELT)AEATY.

Exact Algorithms for Exact Satisfiability and Number of Perfect Matchings, Andreas
Bjorklund and Thore Husfeldt:

NEAEEERBEDENEFNDOAEZEZHAT, XSAT B@EEEEIYFUI D
BZEFRABENEFNIZHLT, BET7ILT)XLEIRZELTLET. XSAT I NP-
TR, BEIYFUT DA LITEEIL #HP-ELTHANT, IBEIh TS 7IILT
DA LIEWT BB EEXBERANDEDTT.

Fiz, KTAP YR NHC BAYR—rF 3 ETA DHFMSIE, UTO—DOFHBNLE
9. Inclusion—Exclusion Algorithms for Counting Set Partitions, Andreas Bjorklund
and Thore Husfeldt: £ IZ#BLT-imX LRI, BFRIEEZ{# 5T, Domatic
Number 42 Chromatic Number Z2E DT ST HENfEIREZE, T T 0(2°n) THELZEMN
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TEAHEZRLTWET. BREBEFES-IDBYLVTIVETATTT, TNET
DEHLGTILT)XLDINOUERE 027 ) ITHEBLTWET. 48, COHRXITS
F0 FOCS IZZEBEINTWVET.

SHE2006F DT —TIVEIL, UTO@XICEonFEL.. (COMIITTE, 35
[Z—EBEoNLT7ILA—Y U EIZHEIENZELT-. )Manindra Agrawal, Neeraj Kayal,
and Nitin Saxena, PRIMES is in P, Annals of Mathematics 160(2):781-793, 2004. Z
WX DE—FEETHA Agrawal [ZKY, A Short History of “PRIMES is in P” &REL
T, —BRHEOERFENTONELE. UTOLIBRASAIREDERT, #HERICUWY
BECETOREZFELTULELS-.

1. August 1998: A Question

2. August 1998 — January 1999: Primality Testing as Identity Testing

3. February 1999: A Conjecture

4. March 1999 — July 2000: Failed Attempts at Proof

5. August 2000 — December 2002: Experiments

6. January 2002 — July 2002: Another Attempt at Proof

PRIMES is in P ELVSFER(CIUYESE TN FHITZFER RS EMNTSE, LTHHE
BRIEVBDTLE:. 4512, BEREMNEIERNIC, HFEEL--FE - AKayal &
Saxena)ZxHlMZ, 35 conjecture ZHREL T A= DEERZEHEYRLITO-2 &I, &
THERENS-TY. SHTEHERISBRULHREZTETDII—ENIEEH BT
&%xE, WHTRELELT-.

520065 D EATCS B X, 7—014YIKZED Mike Paterson [ZBESNFELT-. ]
X, ZFOERAFBEDRET, BNTA=ODMRELTROD=D2FF(FTLVELS-.

1. B<HO LIRS

2. BFELGHAEE LPMEIZES

. MAEEEHELD

48], 20 ICALP06 IZSMEETHL21=28(FE, BRI2E-2TIIKRELLDTL
f-. fF0—B—ANETEHEBLLDICRELLN, FETERRINTLIRERIE
Lo, BREESRIENE N Oo-—EMTL:. HRMICELLTMEELZBEAETRS
ZENTE, DLTHLEREL WS EBRBAEERFIZENTE, ZDHDOFIIZANDS
&5, BRHAEICERATHERWEEB>TULVET.

R#%I(Z, ICALP06 ~DSMERBL TR R EZEETETTEo-, NHC REREBD B
SHEZFIILHETEIZLDEERICREBLET. ES5EHYNESITINVELS-.
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BEiTEEXE)

ERRISEITIHI5EMNS1THETHIAM, Yo/\LT7HF (BEMEFEEMEL
VA=) [ZEWT, NHCH R A FESNEL-. #ifEZLTT oz, EHEXFED
FHEXRSSE, INEESLELE, NFEBLE, GOV, AIEFIORBTODR
i, ByTA4V T BEBSFEIKZESof -, TEMOMEIA, FESAIZREBILV-L
T3 HYNESITETWVELS. T, CEOEREISHEALERE TSI >EEMER
DT IILTVALHAREDODESE, HYHMNEST
SULVELE.

ZEEBRREOEIAFZDISILGEMRE, FHLEETHILLLENSIZEN L, FANT]
SHTEMEOMYEL-. EIXBESHETEITTELS, ZOMEROTEEDEREAIS
WAWALRIREZIETCEEZELE:. ZNIEHTEHOEFRD LV AFSIESHEDD,
TNEYEENEDIZLIZWELNSTRELTITHWELE. UT, RELIIRZZEIT
T, ENBEHRTELNEIMRELTHE=WERNET.

1. AYRAADEBEH A TITELV =L

RE: FARTORBOCFEELEBHDAREDKRREEZADE, EBEEATITR
L, BEZLGAOHRET LD, EULEZIITHEATERZTSED, 50V
REBRIFFERBICEFLEEZATVET. FIROEFEERIIERR TTHo-2&%
HY, "RTIVGEETERZELESME XFHSOLESERBNWETA, SEITE G
BR TITHSEERY, (REAEDSMENE N TEATHLIZHEEEEZD
E' BEEATITESIZEA KN ERN, REL

L7-.

ER: FEEBETADKRTILOI GG TR EBRENSLE TLEICELE
AT YUNLT7EREVHTHERREFIAT A LITRYELE. RBOELAET
BWEIANHFCTEFIRBIZEVELT, SMEROBRBSZE T ENTEL
BOFET. ROZEWFEICEIROEvY—FELEY, Thivbhll—LA1ThLvh
WTECELBREIDESAZED T, SMLEETOADLMARREG>F=ER L
FY.

2. TREDZHAYPTNAISEEESEL L]

RE: LWhaTEyY r—LICEBEZESEVT HLYIE, FEMIFICHhMYT
L THoASAZHEEMELTHRBNVT A EFIRELFELE:. ZD10, ES5LTEH

AENEZEWN-CEDHIFOLMYPOTIIZETDH DA (OFY, BFEERK
ETEUBEHHEEEZTDA) ITBENTBAILICHSTLEVELEDS, FNTEHEESE

SAITESTIZELRT=VIRO TEIEBMMEMNYLEERWNETOT, KICLEWLNIEIZL

FLT1-.
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£ : BEERFENVT IR SNV LHMLT, 5SADBEBMNRES-OHIIAEIL
STLEWELE:. F-, BEIOFIZEEEWNVT DRI, BEROLANILDORE VI DEFE
BEICDWNT, 3XDLIE-ZYEBIEBATHADEEIDF DHE

BBLPTARY, BEEHEROMNADAN AN TENELAERA. FiIEo
TRIARGEDEMYPEI T 1EDZET, BEDI7AO—HLPILEG-T-EHH
St=MELNFEEA. 1212, ROBEETETHEE INH o110, BEMN G o1
BELYEBNREEEITRNET.

3. EE DRfEZEEYT=LN

RE: fiRIOEZERTIIXEEMICELTHBOBERNTLEONAEL:. FOD
BREVIIZEALTHRYFENECAETERDITEONELEZD, LA A, EBEE
FTHENETHHLL, HIEFRRIZESOTLES=RELALEL-. ZOREFRF R
T, MEERTIIEHRENEZDFOREZEDIBEZEEORMICLT, EBADA L

[CAELTIEWVESEEZT L —TI2ohNTHLZEIILTHEL:. BEOE
BIIFABENEELTWNSIELDT, £

nNFERELELT-.

RH: COEENSHEOMERTO—BOIWNE>-LBEWVET. JIL—TIhH
MNTERTSDT, EENBOEENRES-Y, BMBEEFMHREIZLDFTEERMN
#Bonfzy, & TEEDELA 1EVLVST-LDONEESAICEDD
FEBWET. £, T4RDYL a3V OBRETHE, BUO=REICDOWTEELNIRET
fRRETHDTTH, EFEOBEELTLWVEIN>-BEEXRDIT1=Y, TE#LL\RIRE
FRWNTHERY, & FEADERYENYEZREFEL-. S
ML= ESANSEEENELIOF=1EVNWSEBEOMNEEFEL-. TIL—T
[ZDWTIE, 5DDFEZEICHLTEERESY L—TIZahNEL5FHERTEEZLTH
EFEL-. T2 KT V—TICBIFFRIFIRRRIZN) =4 — 1 ELTIATDOANT,
JIL—TADERBDETHRELZSFBEOLEL. V-4 —0DEH, ZRBFELL=IC
HEHLT, BIBHECZEOYMNESITIVELT-.

WAWALADSKIBLESHAHIZEBEL DD, f&VEZLDEESAICSMLTIA
(TT, FOPTANELAZR DT TS TIAIFTIEZETHEELLIE S TULNVET.
BAHGREFEENET E, INFEELTFa—)YETEIL3EF ORI,
DEILERKXDRI—IVIZERTDOSMLEL.. DR TET IR DIASHE
9 TIAS/PCMI Summer Session|IE3BMIZHLESTAT T LT, K¥EE, KE
H, REOZE, IREBEBN—RBIZELTWAALIEZFZERT HELSRBELLVED
Tl ShiFEE () BGA5T— I THRESN T TRIZ2004FI21TH0b N T
[ Geometric Combinatorics (D RAT—JLIZSIMLZEL . BESADPIZIZ20005F (21T
2 =l Computational Complexity Theory IDEIIZSMENTI=FOFDEEDESE
BEHFECOAELGDLYEERNWET. CNIXEILMETEREEY, ZLT—
iEEE, BYRIWIT, PAUATITGEODNIZEWNSZERHY, hMEYERNFELE=A,
ETHRULMHI=TT. £, D XU — )L Tl fixed-parameter algorithms 1% [ZL&HT
MEEL, ZDERMDOHAEREVIDIDELST=DIE, RI—ILDOENTTY. RI—
I THES MO KREFDZEICFHDEETHI-LE, TALBYBIFTIDHIIEMNT
E-DLRI—=ILDENTFTT. COIILEFDIRI—ILADB VAN NS ED
MR TESMBOESALEEFTET, BRBLTWET. HYMNESTILVELL-.
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CCNADOREELTHSN T RAOERIMERORINLE I ZBEEOET L
EE AL DB ? GEHERIE 2

SEIZF:ETIVERKEEDLIZED S MEHERIEFHHNLGLOTUMES BL
ANITERIETERLY,

TRANDFERIMERO RN ZHRDIZE, BSAMLTHFZHNS, GRERBOHT
BYRALCENBE,

- 1990F DA THMBETUEZER/ N D o= TNERLEZSL D TIEERLLLY,

SEE: ERXDETIVEHETHENICREGLD, ROFI—IDEMITE-
EALHRELFEETDLAEELTD,

-REDHERVD IBEZRATOVAIAREDERZRHLRITACLFIEE, 595
CETRBOFORLDIMEMEIARZ TS,

"EERANOZEZFIFTHELGTRVOMN ? FIZE, ENFEIFFEDLAI-OA ? 4
. ERME. M2 A AF o A—RLTES=M 211 E,

—EE AR ERAREHRNRZILKKL BLIZEIV MR EHFI LD
L ESCITRFDNRITRBFEOFZOEESRISEYNL, FoTH0IAX
[T EEXEREVSIY DS BFORREE,

SHLWVAZ2 =T A2 EY BLORMERITFHIEEEZZITHRLLY,

-BEDOFTLoMYLELDZEY, HEITESDP- TSI EEZ—E THBATE
BEIITBHIENEE,

-BEBGETIVEREICHECEVSMYMBATHETED, FINMWICERGREZR
fmLTLy>THERLLY,

STRIZIIDIEVLSKYETEBAL I EB>TELZNIE, FoTEHZ 5,
EFOBRITETILEE, LNITHEMICTEELE 12T oM,

SGEHIFICNFTEEN, SMBAHEEZ 128 GHEROMEBEEEZET) KAEEL.
CERREFEIDEVIBRAZLELLDY, ESENCERETERATAEREELRCE
REWNIKIENTE, KMo EFZTVEYS,

REDT Y THAHAHHADHARERFIUHLTORRFWOAAIRERICHTE
TOWFETH, ENERFICH-LTRERLREATEEL -, TNERDFFEREAR
[CRIFHEENTENIE, ARFEIFRENZoEEADERNET . ED=HIZH
BEROSLLLTHADEFEELZLSBOBELEITFES,

BE. SEIEMERISERL TR X (ERT) DAVN—IRI5EEZ THHTEND

EFELf, FHRELELICIE. EFE11AICSEIRE. SEHBRA(RDFA VoL
FIHACNDHEIERITFNLE BEHVLLTEYET . (K)
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ER=E (FE) 68 AMKF

12/15(%)-17(H) WINE 2006 Patra, (Greece)

12/18(H)-20(7K) ISAAC2006 A > K AL hvA

1/7(H)-9(:A) SODA07 New Orleans, Louisiana, U.S.A
4/3(X)-5(K) The 5th Hungarian—-Japanese Symposium on Discrete Mathematics
and Its Applications

6/6(7K)-8(%) SoCG'07 Gyeongju E&[E

6/6(7K)-9(X) WEA2007 O—~ #%F& <] 1/20

6/8(&)-16(L) FCRC 2007(&d; STOC2007) San Diego, California,
6/11(F)-15(£) KyotoCGGT2007 IRK, #x¥&~ 4] 2/10
7/9(B)-13(%) EURO XXII Prague, Czech

7/9(8)-13(%) ICALP 2007 Wroclaw, Poland,

CD=a1—ALA—[ZD\T

Ta—RLA—RBEEEFA-ILTERATHSFETT. BLEEOERSBIEEET
BELETH, RULEE, AIRXVMDFMHLE [TwebR—DIZIBETHFETT . web
R=VIZIFHMETETCEHEL-REEMZEHB/ELT, BR, HHANVEREEORE
DURLESIET HL, webhRDEILEEEES B TEHLIICLMV=LET.

SEE, &E, 1 DOMRREICHLELSFENTSFTETYT. BAEFEET2000-
4000FFRE, MIEICEDLIRRELZENV TV EIFNIEERNVWET. BE, ZOL5%
Za1—ALA—TIE, IBRARFHETHON—BFEBRONETHN, COBEE
EETCIKXTAEEDRRICERAZY T, THEORELS IDEEZEE
EEHELTOWEEFNEERWET. HIZE ZaESILE-ERSEDESRE, S0
EOHEDMFRIToTLED, AINEAN =D, BEDTEHWLERERXZATHRE
LY, RiEEZTVWAMERE, HANIA—TURIREEZ, COLETIERETEZNIIN
SELLMELY, LWLV ERZATHRNT D, ELVSHTT.

Ef-, FREMORREZRET 578, FHRED, ERNNOLB~ADLHETFE
FEHNLTRELTOISEEATVET. HREBOXRICIE, BEEHHEIEEE
BOYIEAHETY. thDBMEEDSMFENLOINLL, SE~AOHEDETF
N—230F@mHBEIEDENY, ENDTARAHYL IV PRERREELE-
MFICEEBTLES. BEBEBAVNA—DESAITIE, BADOHADEET, BN
NORE-PREDOERE, BADEMFEERA TV EITNEERNET.
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O, AANSDEEEREEL-LET. 100-1000FRRET, BEREELESNT=L

CEXFBRALGERTENTEDTWWEITNIE, B8V -LET. A —ILTERHITS
BRLE TERMERDEOLMEAFEFEAD, TS THREFELW-LET.
REIFIATHEFELTNET.
* Z1—RALA—REZETIE, EHIODOCEREZHEFLLTEYET. HREAS
PRARDEINEERESKIIHDNDEIENSHINNEET, BEVWERZS
FELMAN-LET.

Bl HFHADHERRE —2—XL%— HN

REZER T BB uno@niijp (BIEE%E)

BlfREZE R HWE F1A makino@sflab.sys.es.osaka—u.ac jp
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X(G)=MAX{ ¥(G1), ¥(G2)}+1
=MAX{ 2, 3}+1
=4

44

X(G)=MAX{ ¥(G1), x¥(G2)}+1
=MAX{ 2, 2} +1
=3
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Part 1

Branch-decomposition(%34% %3 &)
A branch-decomposition of graph G :

Conceptual definition:
a recursive binary decomposition of £(G)

Branch-decomposition
A branch-decomposition of graph G :

Conceptual definition:
a recursive binary decomposition of E(G)

S e
[T

Branch-decomposition
A branch-decomposition of graph G :

Conceptual definition:
a recursive binary decomposition of E(G)
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Branch-decomposition
A branch-decomposition of graph G :

Conceptual definition:
a recursive binary decomposition of E(G)

Branch-decomposition
A branch-decomposition of graph G :

Conceptual definition:
a recursive binary decomposition of E(G)

Branch-decomposition
A branch-decomposition of graph G :

Conceptual definition:
a recursive binary decomposition of E(G)

Branch-decomposition
A branch-decomposition of graph G :

Formal definition:
a ternary tree with leaf set £(G)

Branch-decomposition
A branch-decomposition of graph G :

Formal definition: ... abstracts away the
a ternary tree with leaf set E(G) starting bipartition

Branch-decomposition
A branch-decomposition of graph G :

Formal definition: ... abstracts away the
a ternary tree with leaf set E(G) starting bipartition ...
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Branchwidth (9 #%1&)
The width of branch-decomposition 7 of G :

The maximum cardinality of the vertex cuts of G
associated with the edges of 7.

Branchwidth
The width of branch-decomposition 7 of G :

The maximum cardinality of the vertex cuts of G
associated with the tree edges of 7.

Branchwidth
The width of branch-decomposition 7 of G :

The maximum cardinality of the vertex cuts of G
associated with the tree edges of T.

width =4

Branchwidth
The branchwidth of G :

The minimum width of all the
branch-decompositions of G.

Background

» Branch-decompositions are introduced by Robertson and
Seymour (1991) in relation to tree-decompositions.

vertex cuts <=p tree edges of a branch-decomposition.
tree nodes of a tree-decomposition,

c bW(G) = tw(G)+1 = (3/2) bw(G)
* Many NP-hard combinatorial problems on graphs can be solved
in 200W()y time, via DP based on the decomposition.

Known results (Seymour-Thomas 94)

General graphs:
NP-complete to decide whether bw(G) = k for
given G, k, if k is part of the input.

Planar graphs:
The decision problem: O(n?) time

Constructing the corresponding decomposition:
O(n*) time
= O(»3) : This work

If k is fixed, then the decision and the construction
can both be done in linear time on general graphs
(Bodlaender & Thilikos 97).
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Rest of Part 1

» Carving decomposition
* Seymour-Thomas algorithm for planar graphs
» Key lemmas for improvement

» Algorithm and analysis: some ideas

Carving decomposition (Z#&# 5 El) of G
* A recursive binary decomposition of /(G)
» Formally a ternary tree with leaf set V(G).

* The width of carving decomposition 7 of G is the
maximum cardinality of the edge cuts of G
associated with tree edges of T.

3 5

*5
._/Q 4
1 1 \%.
5
4
. o @

Branch-decomposition vs carving-decomposition

The problem of computing an optimal decomposition
of planar graph G can be reduced to that of
computing an optimal carving-decomposition of a
related planar multi-graph M(G). (Seymour and
Thomas 94).

21

Goal

Given a planar multi-graph G with n vertices
and O(n) edges, a minimum-width carving
decomposition of G can be constructed in O(n?)
time.

Tool: O(n?)-time Carving-width decision procedure
(Seymour and Thomas 94)

Given a planar multi-graph G and a positive
integer k, decides whether the carvingwidth of G
exceeds k.

22

Bottom-up construction of a carving-decomposition

Start from singleton sets of vertices.

23

Bottom-up construction of a carving-dec.

Merge two vertex sets into one, at a time.

24
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Bottom-up construction of a carving-dec.
Merge two vertex sets into one, at a time.

Bottom-up construction of a carving-dec.
Merge two vertex sets into one, at a time.

10 02 1o 02
J_A_o J_/?’_o
¢} —20
49 6 4© 6
5 © 5 ©
07 07
25 26
Bottom-up construction of a carving-dec. Bottom-up construction of a carving-dec.
Merge two vertex sets into one, at a time. Merge two vertex sets into one, at a time.
10 02 1o 02
_30 _30
—20 ¢}
40 6 4 6
5 © 5 ©
O
®7 ~~o7

28

Bottom-up construction of a carving-dec.
Merge two vertex sets into one, at a time.

Bottom-up construction of a carving-dec.
Merge two vertex sets into one, at a time.
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Bond carving

Bond carving of G:

a carving decomposition of G in which every cut
bipartitions V(G) into two connected sets, i.e.,
every cut is a dual cycle

Lemma (Seymour and Thomas 94)

For every planar multi-graph G, the optimal
carvingwidth can be achieved by a bond carving.

In the bottom up process, we can only merge
adjacent vertex sets

How to guide the bottom-up construction

We have a contracted multi-graph at each step.

32

How to guide the bottom-up construction

We have a contracted multi-graph at each step.

33

How to guide the bottom-up construction
We have a contracted multi-graph at each step.

Use the width decision
procedure to ensure that
the carvingwidth does not
exceed the original width
at any step.

We say that two vertex sets X and Y are
mergeable if merging them into one does
not cause the carvingwidth to exceed the
original optimal width

34

A carving-decomposition algorithm

1. Decide the carvingwidth & of G.
2. M <€ the set of all singleton vertex sets of G.
3. While |[M]> 1 do

Find a mergeable pair X, Y of vertex sets in
M and replace them by XU Y.

At each iteration, the O(n?)-time decision
procedure is called O(n) times for mergeability
testing.

O(n*) time in total for n iterations 35

Our refinement
Reduce the number of calls to the decision procedure
througout the execution from O(n?) to O(n).

The answers to all the other mergeability tests are
deduced from previous test results in O(n) time
each.

36
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Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
1. 35X U Y)| = k, where kis the carving width of G

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand W are mergeable and so are Y and Z.

Let M’ be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M.

<>

<>
xo o

Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
l. 3gXUY) =k,

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand W are mergeable and so are Y and Z.

Let M’ be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M’.

=k

o

Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
. BsXUD| =k

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand W are mergeable and so are Y and Z.

Let M’ be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M.

PN D

Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
L B UD| =k

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand W are mergeable and so are Y and Z.

Let M’ be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M’.

40

Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
1. BXUY)| =k

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand IV are mergeable and so are Y and Z.

Let M’ be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M.

Cx 7T

41

Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
I [8XU DSk,

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand W are mergeable and so are Y and Z.

Let M be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M’.

?

GOy

42
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Key lemma

Let X, Y, W, Z be in the current set M of vertex sets, such that
1. BXUY)| =k

2. Xand Y are not mergeable,

3. No edge of G between W and Z.

4. Xand W are mergeable and so are Y and Z.

Let M’ be obtained from M by merging these two pairs
Then, X UW and Y UZ are not mergeable in M.

G XD

43

Proof of the key lemma

We assume that X UW and Y UZ are mergeable and
show that X and ¥ would then be mergeable

A
Assume
we have
AYAY>
oo Ty

44

Proof of the key lemma

We assume that X UW and Y UZ are mergeable and
show that X and Y would then be mergeable

A

4 \/

v
e QY
%

TR fRX

X Y

45

Proof of the key lemma

We only need to consider the red cuts below.

(Blue cuts are ok by the assumption of the lemma)
A

WV

% &
%Y@ﬁig“z

6

Proof of the key lemma (completed)

cutl + cut2 = cut3 + cutd = 2k
So, either cutl = korcut2 =k
Note there are no edges between # and Z by assumption

47

Finished?

Only one expensive test between a pair, as long as the set of
edges between them does not change?

48
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Finished?

Only one expensive test between a pair, as long as the set of
edges between them does not change?

Finished?

Only one expensive test between a pair, as long as the set of
edges between them does not change?

e\ e\
7 % 7 %
49 50
Finished? Finished?

Only one expensive test between a pair, as long as the set of
edges between them does not change?

}

Problem: once the union of the pair has > k edges out, we
cannot apply the lemma any more.

Tan®

Need a better use of the lemma

Forest view of the situation.

D]
04—%»
SN
R

N

Need a better use of the lemma

Forest view of the situation.

3 o
; »
SN

X Y
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If we can rearrange the subtrees on the side ...

If we can rearrange the subtrees on the side ...

Then we can apply the lemma.

56

When are the rearrangements are possible?

If the sizes of the red cuts do not exceed the optimal

width £.
!<é) £
/ \ z,

A

W, /
W,

57

Barriers

A descending chain in the constructed forest as below
is called a barrier if

862, UZ,U ... U Z)|> k,

58

Barrier-free chains

The ‘side-subtrees’ along a descending chain can be
rearranged into one subtree if no prefix of the chain
is a barrier.

Our test of mergeability
If [84(X U Y)| > k then answer NO.

/?_\

60
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Our test of mergeability

Otherwise, identify maximal X’ & XandY’ & Y
in the forest s.t. E4(X, Y) = E; (X, ¥) and the test
for (X°, Y’) was executed with a negative answer.

Our test of mergeability

If both of the chains from the root for X to the root for
X’ and from the root for Y to the root for Y’ are
barrier free, then answer NO.

barrer-free barrer-free

| W A S | W S S
A .\ %' L\
X Y X Y
61 62
Our test of mergeability Analysis

Otherwise, call the O(n2)-time decision procedure.

X Y

Lemma:
Using our test of mergeability, the O(n?)-time decision
procedure is called O(n) times.

Proof ideas
F={(X, Y) | the decision procedure is called for (X, Y)}
Equivalence relation
(X.7) ~(X.,Y) ® E(X, V)= E¢ (X', V")
The number of equivalence classes in F are O(n).
For each equivalence class C, |C| - 1 barriers are associated.
We can choose O(n/k) representative barriers, so that

1. To each element of F, one representative barrier is associated.
2. O(k) elements of F are associated with each representative barrier.

|£7=O(n)

64

Total running time
O(n) decision procedure calls,
O(n?) time each ... O(n%)
O(n?) cheap tests, O(n) time each ... O(n?)
Maintenance of the contracted graphs:
O(n) updates, O(n) time each ... O(n?)

Open questions

o(n3) time algorithm for planar branch-/carving-
decomposition ... difficult

o(n?) time algorithm for planar branch-/carvingwidth
... more difficult

Polynomial time algorithm for the treewidth of planar
graphs ... super difficult.

66
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18 &k R3ED bond carving

WESITOIA (#LLVAR)
g k RBDINHADE|DAE => 139 &0 HIEERE

A B HY724ERE (Graph Minors. X )
(I8 RY7 48 78 (Graph Minors. XI)

Til:— & DT 5V HT 2ZNAH S DESH
GIZEITD LI kD tilt :
B S 210 TROEHEH-TED
(1) 185 X<k DEE.F=TDEZFITRY.
XE VGO\X DEELMN—ADB [ZET.
(2)3L X, 7,Z €eBHEBIEXU YU Z# VG
()& ve NG IzxLT vleB

7E 12 (Robertson & Seymour 91)
G_gq)guﬁrlﬁbf kLA E & GIZHITD Bk O tilt BEFHE

R (<=) BHRR—Y)
(=>) #HLWL

SLWAMDEERA
GIZHITBEH k Dtilt NTETE = GDRIAIE = &k
R kDLt B & 1B ERBDRNADE| THE A

FETHERELTFEEZEL
B IZEDWT, TOEBIZAMEDIT,
Y
XesB
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SLVLAROFEHADTE)
TOELEGRT DLEMNEST RIZEMND
BT ARBID/—FHHS

v v

«

€] A\

Q,

N

=

VA

XUY U Z=VX) THltDEHQ)EFE

91

#MLLAR
GIZH T BEI 8 k Dtilt AFFELAELY
=> GOk KimDRNHAH D ENIHFE
— JREREIC R DB RRIEEER,
— IREEDT=OIZ. WA DB DB ZD—RIEDLE,
- ZOFEFETTHEIEHBEMHND,

92

BREME

ZNAEDRT AV T — LIZKBHEHH D+
#HLLAR
18 k KiED L AR BN DFFE=> 10T H D s B
HAHEhHEHmEE
08 k KHD L A5 END R
=ik k D tilt DIEFE
—> (ItRRIERE
FETSTIZBNTIE. tilt £42F H O W ERE (X
BLEHD

93

Tilt = 129 & 0 B ER R
G FmEIS7
B : GIZHITBHHH k Ditilt
C: GRS k RiFHO Mt EAR
X, Y): b ClIZ&B M(G) D27 El
XEYDEESIE—FMNBIZET,
B IZBSHLVAE, safeg (C)THLHT (REHAK),

X\C/y/
/AN

94

Tilt = 129 & 0 R EREE (=)
TESST G, ERH b BE
f: GOmE
C,: RTHFEYN FICWBESICEBITTRERINSES, &
SCOBMA AT R THILLEDIES

WWRE GICBITB08 k Drilt B N FEET SHLIE
GO RTOAESIHLT  ()safeg (C) % ¢
cec,

R AT HBEYNEDEIZNTE, BT ALt B DBF

TEHREMFICNDIENTES,
FEEA: $5H@E f IS L THRED intersection HEASIE,
H%C,,C,,Cy IZR L Tsafeg (C; )N safeg(C,) N safeg (Cy)
NETHBHENRED, Tilt DFEHE(2)IZFE,

95

BT TEREOER=>F7ILIJIVALOBE

o BRI B (o(n?) TBRTE . o(n®) D EIERD) 1L
MIVELZES, HAEHEMNEEDHLLNA
BIZ, FEYTI7DEEDELEH LWIEENH
IFEBOICEE2MhELNENA,

o L EBRMMRICEEDVEA—) R T oY
JIEWNABNAEZLND, B FRATEUE
DHIRE .

96
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Bl : 229 H OIB /R

s RTAHDBRLBEHEE: 7—LD2ETST7D

BYRITHLEBONDAVERDES

o W/NERER: FRMEICFITHLT., GOME—DERE

BACHHHT. v € CICHTBIER (f,v) DHE

ERT 5,

s ERMHR: RTHBBEOIRIVITIEGF
[Zk ANSTET, RITKIFUNDIHE) G, (X

BEXRXaVR—RUEEFDIEM.,

« => BEa—YRTqvY: &G DEXAY
R— */M\’f'ﬁlJ\Z\Hﬂkﬂﬁ’HﬁﬁiTéh\t375\’&

Fvod %,

SHROAMR

c O EEOBERESSITRDD,
- BfgE 7ITYXLOEBRHGHRRICFIALT

AL

« TENTERWERREDADZ LY,

98
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.

Improved Lower Bounds for
Families of € -Approximate
k-Restricted Min-Wise
Independent Permutations

Toshiya Itoh Tatsuya Nagatani

Tokyo Institute of Technology

Resemblance (A, B) of Documents 4 and B.

Document 4 Document B
l Shingling l
Dy < [1,n] Dp € [1,n]
r(A, B) = HDAO DB”
1D 0Dy

Estimation of (A4, B).
(1) Choose my, 7, ...,m € S, independently
(2) Define sketches S4 of A and Sp of B by
Sa = (min{m;(Da)}, min{my(Dy)},...,min{m(Ds)}

= (54,1,54,2, -+, 54,0)
Sp = (min{m(Dp)}, min{me(Dg)}, ..., min{m(Dp)}
= (5B,1,SB,2s - - -+ SB,0)

(3) Compute 7(A, B), estimation of r(A, B), by
. {i€l1,0: s4=sp:}
4, B = L )|

lim 7(A, B) = (A, B)

FCS, estimates r(A, B) < F : k-restricted min-wise independent

ﬁDef. 1.1 ™~

F C S, : e-Approximate k-Restricted Min-Wise Independent

VXCln] st |[X[|<k VzeX

Pr[min{r(X)} = =(2)] — | < rr

where 7 € F is chosen uniformly at random.

- %

€ =0 = F: kRestricted Min-Wise Independent

k=n = F:¢ -Approximate Min-Wise Independent

€ -Approximate k-Restricted

el
c l " k-Restricted

Known Results (1)

Upper Bound Lower Bound

Min-Wise  fecm(n,n—1,...,1) fem(n,n—1,...,1)

e oy of(1)))
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Known Results (2) & -Approximate k-Restricted

94k+0(k) .2 log log(n/e)  (constructive)

Upper
Bounds o (¥ n .
zzlog (g) (nonconstructive)
Q (K (1 —V8e)) (uniform)
Lower Q (min{kzm log(2), log(1/¢)(log :i;zlog log(1/¢)) })
Bounds (biased)

Q <k \/m > (uniform)

F= {7‘(’1, Ty e ny ’7Td} C.S,, : € -Approx. k-Restricted Min-Wise
s=k/3, L=n/s, N=L—-1
[1,n] ={1,2,...,n}

={1,..,hy...,5,5+1,..,2s,...,(L—1)s+1,..., L}
Xo X Xy
T X UX,
vhe(ls] U, = uli oo | XpUX;
XOL.JXN
ho_ | 1/ Vd o min{m(XoUX)} =)
K 0 otherwise

Xo={1.2.3,4}, X, = {5,6,7,8},X> = {9,10,11,12}, . ..

T
u; XoUXy={1,2,3,4,5,6,7,8}
2 o P
Uy - u XgL'JXl ={1,2.3,4,9,10,11,12}
2 1/vd min{r;({1,2,3,4,5,6,7,8})} = m(2)
U =
J 0 otherwise

0 otherwise

2 {um min{m({1,2,3,4,9.10,11,12})} = ,(2)

Vhe[l,s] Vi=(vl)=UUf=

Proposition 2.1

() Vie [1,N] l=c < ph < Lte

W) vi,je (1, N)(i£)) H= < ol <

Proof of Proposition 2.1
Xo=1{1,2,3.4}, X1 ={5,6,7,8}, X, = {9,10,11,12}, ...
Vo= (vf) = UU7

2 _ 2 2 2 2 2 2 \T
vir = (ufy, uis, -« o, uiy) - (Ufy, Uy, - - ugy)
= Pr[min{r({ 1,2,3,4,5,6,7,8})} = n(2)] =1E€
TeF 8
Xo Xi
2 2 2 2 2 2 2\T
viz = (ufq, g, - - uTy) - (Udy, Udg, - - oy UGY)
= Prjmin{r({1,2,3,4,5,6,7,8,9,10,11,12})} = m(2)] = LEE
reF < N )« ) 12

X X X

]
Uy Vi 0o--0
0%--0
v| Plnvn. o |? ¥
Us 00 Vi

Proposition 2.2
FC S, : &-Approximate k-Restricted Min-Wise
[ FIl = rank(V)
= rank(V1) + rank(V3) + - - - + rank(V5).
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a;l a a a

a ax» a a
A= a a as a t

a a a ay ‘

Proposition 2.3
1) Vi, je [1,t](i#)) aij=a >0

(€2) min{aii,as,...,au} > a

= A :nonsingular = rank(A4) =1t

Proof of Proposition 2.3

ap a -+ a a a - a ap—a 0 -+ 0

a ap - a a a - a 0 ap—a-- 0
A= 7  | = +

a a - Gy a a - a 0 0 “ragp—a

=a(1,1,...,1)- (1, 1,..., )"+ diag(ay, — a,a22 — @, . .., ay — a)

positive semidefinite positive definite

(C2) Hlin{an,agz, .. .,aﬁ} >a
=an1—a>0an—a>0,....apg—a >0

A : nonsingular = rank(A4) =t

Generalized Ramsey Number

Cm={c1,co,...,cn} asetof mcolors

X:E—C, edgecoloringof K,=(V,E)

R(tla t2a ~7t771)
ﬁnin (st JiC[l,m 3K, =V,E)CK, Ve€ E; x(e)=¢

ty=ty=---=typ=t Ru(t)=R(tt,...t)

Lemma 3.1
( Vm>2Vt>1 Rn(t) < = (m=1)

Proof of Lemma 3.1
m=2 t=4  n=2%"0C1D=27

Analysis for rank(V},)
[ F]l > rank(V1) + rank(V2) + - - + rank(Vy)
/ Lemma 3.2 \

W<e<i Vk>3
F C S, : € -Approximate k-Restricted Min-Wise

1F] < gzm (m > 1)

=Vhe[l,s] rank(V) fog(gn/k)J )
= | mlogm

-

Proof of Lemma 3.2
Vh € [1,s] Vi, j€ [, N](i#))

QZ‘] ={reF: min{n(XoUX,UX;)}=m(h)}
Gl = G1] : integer
FC S, : &-Approximate k-Restricted Min-Wise
G h

1—¢ ij 1+4+¢
= 5 S S B

= 1Al < Gl < 527

2 Al ——|

LA Jn A
ij
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. 275 |Fl <m= ij takes at most m (integer) values
« m (integer) values = C,,={c1,¢2,...,cn} : aset of m colors

« V}, is symmetric

Casel: m =1

Vi = (v} = s N

*Vi,j € [1,N](i#]) U?j=v>0

. 1 : ) 3 )
O<e<s = min{vf, vl .. Lok} >
* Proposition 2.3 = V},: nonsingular

= rank(V},) = N

Case2:m > 2

mcolors  Cp = {c1,ca,. . Cm}

V= (v]) =
% —1=N>mmt-(m-1) > Ro(t)
Lemma 3.1 v

Vx:E — Cp of Ky= (V,E)
Fel,m] IK; = (Vi, E) st. Ye€ E x(e) =c¢;

» (3n/k
0 < & < 1+ Proposition 2.3 = rank(V}) > L%J

Main Result
Theorem 4.1

Vo <e< % Yk >3 FCS,: e-Approx. k-Restricted Min-Wise

171 = @ (ky/Liog (n/k)) -

Proof of Theorem 4.1
Ym>1  E[Fl <m (& [|F] < g£m)

0
Proposition 2.2 + Lemma 3.2
|F|l > rank(V;) + rank(Va) + - - - 4 rank(V;)
> \‘log(?m/k)J _k \fog(Bn/k:)J

mlogm | — 3| mlogm

\‘log(Sn/k)J ]
mlogm

contradiction

Vm > 1 [nfn <km= A >

f Wl

k k |log(3n/k)
2¢ 3 | mlogm

[

&

V21 [ < bS8 S 7] > )

mlogm

@ _
17 =9 (% y/Llog(n/k)

Discussions
(LB1) [|F]| = Q(K*(1 — v/3e))

(LB2) |7 = Q [min{ k24 log (z)  10all/s) “”““’!'f,l”gl“g“ <)) H

(Ours) || F]| = (k \/glog (n/k))

(1) n>k = (Ours) > (LBI)

(2) k‘<§log(1/€) = (Ours) > kr?L'//2log(:f’)

1/¢)(logn—loglog(1/e))

3) ]gZ%log(l/&) = (Ours) > Log 13

= (Ours) > (LB2)




o080 0o ooon

OO0 00180 110 180 (O)
Ub o0booboI1BOogod

goood

60210 (0)
10:00 — 12:00

13:30 — 14:00

14:00 — 14:30

14:30 — 15:30

gbooboboobob8m-00ooooog

0000 (QOOO) ot 447
000000000
000 (DOO0) ot 453

gboobooboob boboboboo
gboboooobooooboooooooooon

0000 (TOO0) ot 464
0000000000

000 (TOO0) cttrtte e 469
0000 0
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ZEMRIBEEICT S
1.875- 887 LT X Ls

af—i# BHEE— LURNER
(FREKEF)

ERAR

REFIBHBEICET . HERKIERHE (MAX SMTD
— NP-hard, iEUED TR 1.105 unless P=NP
[Halldorsson et.al. 2003]

2—iﬁl{u7)|/:i"J;<’Al;tF§$
(2 - o O8Ny - SET L TY X s CIFER)
[lwama, et. al. 2004]
l
@2- cfﬁ) —SERTILTYR L (ClEEH)
[lwama, et. al. 2005]

s RHIDFHX — [Gale & Shapley 1962]

- 7AHhOPHEEER BEEMNZ>MT,

- EABIREICH T REIVFUIDNEFET S,

- REIVFUIEZERABETROT5IEMTES,
(Gale-Shapley 7L X L)

HR AR SRR

- REIL—LANHEE
- Residents/Hospitals [

R BRARIEHIEDRE
-RHRTORA

HEERR
NRMP (National Resident Matching Program)
CaRMS (Canadian Resident Matching Service)
SPA (Scottish Pre—registration house officer Allocations)
JRMP (Japanese Resident Matching Program)

HETR SRR l )
TR18EEE2RLhRE 1.875-E L7 ILT Y X L
2006.11.18 [&_A,E]
REMIBMBELIE BREOTYFLY
CBHENA I: a c b(d;i‘e a: 5
HHENA
FEHYZ 2:{c)a e b d b: 3
N=504% 3 b{/é\w e d ¢ c: 4
B 1,2345 & abede N
BHEOFLYRF LHEOFLYRE 4 oc(b)d e a ¢ 1)4 25
la e bd e a2 1 3 45 5: ¢ d bi'//’(;\jwa e 4 3 1 2 wg
2: b d b 2 1 4 5 3 . o
cac B | Lk c(d TOvEL S AT
3oba e doc ¢ 12354 TR ST DEELLENTYFLY: RETIFLT
4 ¢ b d e a & 31 4 2 s Hﬂ:ﬂliﬁ#@*#_ﬁ'\;ﬁf:b‘(b‘&%‘o* )
REMIBME: SAON-ANNL,. REIXVFUIERDOITS,
5 ¢ d b e a e 4 3 1 2 5
R IBR E

The Gale-Shapley Algorithm [Gale & Shapley 1962]
(Men-propose)

- 1 (/é:‘;\ c b d e a: 2 ‘/\1/\‘ ‘/\3/\‘ 4 5
N . 7\ o
- 2 (¢)a e b d b: 2 1 ‘\‘U 5 &)
L~~~ 2\ O\
- 3 B) @) (e)d c e 1(2) 3 (&) XK
N /AN N\
= 4 (¥ (b)d e a d 3 1 4 2 (5)
N N/ N/
— 5 (8)(d)b ¢ a e 4 (3)1 2 5

Theorem [Gale & Shapley 1962, Gusfield & Irving 1989]
The Gale-Shapley algorithm finds a stable matching.
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FEER
Suppose not stable. — There is a blocking pair.
T ceee D ()
2: € ) e: 2 Y,

During the algorithm execution, “2”” made a proposal to “e”,
but he was rejected.

At this moment, “e” had a partner better than “2”.
N\

C:.‘ii./‘: PR

After that, she may change a partner, but never becomes worse.

— a contradiction

%X 7E fa 45 )R8 0D 151 B oD i PR 42 F0

FEVALOFIR
FEYRMIZIEFM DTS,
22 ¢c a e b d
Original Stable Marriage problem (SM)

FHEYALOHIBREE
(1) RIBERLYRE
2: (c a) (e b) d
Stable Marriage with Ties (SMT)

ED Q) FEEVRE
(QED) 22 ¢c a e
Stable Marriage with Incomplete lists (SMI)
(1) EIERLRE (SMT) E ¥ [Gusfield & Irving 1989]
, _ FEEOSMTHIFEIE. PECELIDRETYFUITEHD,
I: a(c b(d) e a 2)1 3 4 5
- . (RERR)
. (2 . (3)
22 cla e b d b (2 1) 4 (53 I @(c b d) e : o 2(D) 3 45
33 b a (ed) c ¢ 12 3 5 (4 2 ©)a e b d b:(2 1)@ 5 3
i — i . o~ . © SMT %l
4 (©b d(ea) &34 5 ¥ ba@dye e 1235 4 =
- — - 4 ¢ b) d (e a) d (3 1 4)(2 W)
500 (dib) e a e 431 25 s c(@b)e a o« 431 25
— (50) [FIOvFLHRT, @b e d oo @ 2 (3 45
— (l,0) [EFTAVFITRTTIHAEL, 2 )a e b d 12 @5 3 o e
—> (3,d) [FTAVFUITRTTIEAEL, 33b a (@ d c ¢ 1 (23 5 4
4 ¢ b)) d a e e 3 1 4 205
5: ¢ @b e a e 4 31 2 5
(2) FELJRE(SMI) - ¥ [Gale & Sotomayor 1985]
. 1:SMI #I%&
I a ¢ b aa 2 1 3 4 5 M:IDBEMES
9 (D) b 2 (D) W IOXMEES
) a \i/ |
33 b a c 1 (2 M & WELTO&SICHEITHIENTES,
4 ¢ b d (e @ 3 1 4 M:M]U;\fz W=wil w2
5 ¢ d b e: (4 3 IDEBDREIYFUTITENT,
M, &EW, DABZHALGEFAD,
CREEN TN AERTYFLEL, Mz EW2 DARHALIE
s EEYVFUT THWIYFUTLEERTDDENDS,
loe—o a le—o a 1 a

— (o) [FTAvFIRT
— (44) [FTOVFUTRT
— (3a) [FTOvF I R7

2 ob 2 @b 2 @b
e e 30 c je c
4 od 4 o d 4 ed
52\06 50 e 50 e
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%
( SMIBIREDETHDREIVFUI IRV 1K,

Gale-Shapley 7L X LEFE->T, SIERABE TRHEHIEN
TE%,

Stable Marriage (SM)

Stable Marriage with Ties (SMT)

Stable Marriage with Incomplete lists (SMI)
1DDFIREICH T ERETYFUI ERY AKX,
REXVFUIERDITHEIIHE,

!
BAYAXORETVF I ERDTHEIFME,

Stable Marriage with Ties and Incomplete lists (SMTT)
I: a a: (1 2)

2: a b b: 2
1DDFIBIELEDZ A XDERERYVF T EHED,
BRRYARXADERERYVFUITERDOITHHEILIEEH,

MAX SMTI (233 23E AT aETE

LR EEE
*NP-hard, IEUED TR 21/19 (=1.105) unless P=NP
[Halldorsson, et. al. 2003]

AT BETE
=2 - SRR TILTYR LIS EEE

O R - vg/= DP NI+ B
[lwama, et. al. 2004]

F@ood ) EETATURA CiEER) o
[lwama, et. al. 2005]

- 1.875 - EWFILTUR L c m
[£E]

Overview of the algorithm (Local Search)

M —— M — M |

Procedure Increase Procedure Stabilize

M, :stable
' - M| <M | = Mg |
M, :not necessarily stable
(but with a good property) me ow
M,  :stable
i i °
blocking pair (m, w) °
e me oW
m is single
or
w is single m @ ow

Approximation ratio

Mi —_ M’i — M.

3 3 i+1 | Never fails
I /

Procedure Stabilize

Procedure Increase

T :
While M| < ) +E|M i| , we can obtain M.
- previously
i = c log |Mi |, and cv|M il

The size of stable matching M finally obtained

- OPT 1 8
M| = + oMl M = — opT
16 15
i B
. . . 15
Approximation ratio = e 1.875

Increase IZ?L"CU)HEE".%?%
Stabilize [£ERBALAEL (FT&—##)

= Input: Stable matching M.

- Output: Matching M’;.

such that
- IMi 1> Ml
* There is no prohibited blocking pair (m,w)
e
m @ oW
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Strategy in [Iwama et.al. 2004]

Strategy in [Iwama et.al. 2004]

Current matching Goal
Mi +Increase the matching size. Good edges
: - +Prohibited blocking pairs
may not arise.
Y Mpt M;
RemovT t edges and édd 2t edges ° °
— Increase the size by t o o o 0
Remove prohibited blocking pairs, ° o o °
by removing edges. If o——0 o e a good edge
>< # removed edges < t, o——0 8 8
Xt SR s S s
- P here e— e [ ] o8
@ ® -There is no guarantee that every o——0 ° 9
: : 2t persons find a partner. o— 0 g 8
® ® -Me}ny prohibited blocking pairs may o o |:| °
° ° arise. o—o o oo—
If we remove @me pairs® resolve prohibited blocking pairs, o0 @] 0
the size may decrease. © © © °
— We construct a new matching so that the number of removed edges
is at most t-1.
Strategy in [Iwama et.al. 2004] Strategy in [Iwama et.al. 2004]
Property of good edges Current matching
perty ot g & current partner M, ] < + ¢ log|M i |
Mg  M; l OPT-partner
M; e
1. ...a... 1 e———e3 ar . (.1..t2)).. = ,
/ # of bad edges < ¢ logIM, |
2:...b..... 2 e ——ep b2
I OPT-partner
current partner )
[ J
[}
[ J
-
LN E [
°

(1) Both 2 and a write a person who is currently single (b and 1, respectively).
(2) Both 2 and a are currently matched with a person at least as good as

the partner in OPT (OPT-partner).
(3) For either 2 or a, OPT-partner and current partner are tied.

#HRE2
Good edge DHMSLLBERDKES (HA1XP),
HAX P4 DEREET. [IIWSHEIEB TLONEET 5,

Strategy in [Iwama et.al. 2004]  ¢m |

T eloglm |

IM; | <

# of bad edges = ¢ logIM; |

Pla=clogM;| +1 &BETE — HARIEDHEL1HZD
|, SIAEK

-t Y N n\\ BB =, o o
Q IFEEIZRDOMD \’ lié*f%

g
P=0(og M, ) 0T, BEXABKMTALE,

SDPYAET R-FER)-EBEFIIELTERED, — EHERH

IOV RTRTERVCEERITT BT ATT

i bad edges

M, DREMIZES
Moo DREMIZLSD

IIII\?....
II“....

- m, wEBLH, HEAREYYTF LY DHEF
BLEETYFLTR TS ERELL
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RU\m

WIS F—E /T M TORFERLSVIDEFEIYFLTNS,

— FiI0yFU T R7IEHEL
(FRYFLTLWB AR, DIEKEDIM; KYIFEEZMD)
AR ETOTKIEF, FKEALD (M, DERSDD1FRIESN D),
REDIVFUITHAXDEHENSEZD,)

— FHLRFITHT=B A {EAD
- WELMEIVFLTHAXEEOELF YU AN SIS

RYF T HAXEFSL TG,

YAXEHENEOERERL

e . ®
c/ N7 OK
[ o i e——e
L ° \ -

LWL . REBEDHE. EOBEHALTHTH
Bt TnyX I RTHAHRTLED,

TATT

CoEDFECHABAT. SHETDRIFEELIEE,
DECEHBIANDBTHRIIT 5551TF %,

HABZTILTYX L

BiEssTAR—RF % Gale-Shapley 7 LT X L
@A

— ~ o~ %

HABZTILOYX L T

P tr—OOO

b ° —|O]O 0O

[ — —10]0 0

0«—0\\

e v e N

o -~ e ~ @

COBATE, BT AR T RTIEHETOELN
& ORVTFUYERRT BB RMICIEH R,
(DT YFUJ ERALT.RIDICEELETOvF LI RT b o1z)
+— TYYFLTWAXIE ATKY BRVVEFICRYBRZ TS,
- — && - (— BOMICEBPIFAEL,

- — TYVFLTWBEN, XEBPERALIZD.

ZBISTTEDOE LMD HET

Gale-Shapley Z{F>TLV\5D T, ZZTBPATESIELT (E%LY,

=EOTELE

A ZXDRE

OF
Iyl <

1
+ M.
2 16|'|

HAXDFRENS. HIBEOHFENEZS
-7t(M;) good edge Ty FLTLV=
by ¥og

ZONE BETEORTROFEGANEIVFEETH,
FTOvF I RTETERN
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M; [Z8L1V T, good edge T

® TYFLTULW=ATB )
o (IM;| DY=T\B)
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[ 5
[ 3
° ° H °
[ ) [} O [ ]
[ ) [ ) o——©
: : _/ —
. ® /
[ ) [ )
N O Z0RES
1DRIDTYFUHICIE R T OF s 5 RT3t bLid. 0 BOFEMNEANERL N A
| *7(M;) good edge TYYFLTL = = ‘\/‘ HoIERYMNET.
L \ \=3
BAETIIE.  DBAKABATIS, Tamks T O OFENRAS
YA XDIE #8588 5Tgood(z ) [T ABALY,
rE— — B e 2 E N bad®d—#HASL, )
& — B bz ' (IM;] DU=7TMZ >N B)
BELThHOX EBRAUSTHDT, I5BHESIRMERDHTENHES
FEH
- R EAEIERIBE(MAX SMTIZx 3 %8 L EE
EL=.
(2 - C 1— ) g .
N 1.875
S DFE

SEEEDX vy TEESH S(1.105 & 1.875)
» KF A% Minimum Maximal Matching 4°> Minimum
Vertex Cover N (?)
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e U REbiEEE
HAEREILOHE

=4
aff
£ LEN3S<OMA EREILREL,
Combinatorial Optimization: ROSEROLT I

A Tour d’Horizon

- BHEICZEAFBM7ILTVILHIMENS.
e e e+ e £ . BEIINPREEASTES,
B R (REAFHRAATH 5 P)  RyRT—5 IO EIRETES.
2006 &£ 118 18 H
B2HEXRE

‘B XB/NEE [Edmonds '70]
. a -ZEXBEEEL [ & 71 74, Lawler 75, Edmonds '79]
M3 BEFRRE

B KR/IEHE [Tutte '47, Berge '58]
- 2 I B 8% [Edmonds '65]

[ w7y | MLE(ESY
Satoru lwata and Kenjiro Takazawa:

The Independent Even Factor Problem, “HAB/NEE [Cunningham & Geelen '01]
SODA’07 - ZTERERIE X [Pap '05]

BRF
EEF R (ERERXE, M2)

s AER/NEE

IER K
|

WA BEF

RYFY {8 &+ (even factor)
B/MIS7G=(V,E) BHEAYS7G = (V,A)

A\/gquﬁ\ TIFY M C AD EEF
M IR0 RFLEFY

V- <1ﬁ

|E%‘§ (Cunningham and Geelen 01 )|

Tutte-Berge 4=

GO s 1, Q
2 max{|IvFI|} @\ A B

' /O\b
= min {(VI+V \ X| ~Gdd(X)} 7 S '1 > T
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(MAREIZH)

2|GDTRATYFUT| = |G DRREBEF

G ERI57

BEFDOEITHE

Cunningham & Geelen '01
-EBA
- —ARICIE NP EEE R
. = = —_ s ERNE/N
4%E®77X(-2}5l7‘6{ S EAEEE
Pap '05
FEABRRMI 71251152 EABREX
afl
|2

A0 P
E%E‘iﬂ%b‘“iﬁﬁ%l’ﬁﬂ%é%o i c? i(‘} }
O€— o—>

BEFORAR/NEE

Cunningham & Geelen '01

G = (V. A): BB

max{ | {BEF |}
I

min {[VAXT|+[V\X |+ |XTnX|—odd(XtTnXx7)}
(X+,X7)

SIS TTX =X £T5E
Tutte-Berge AKX ZEH
i (VI + VA X] - odd(xn}]

I, X =X" #&8LH935X

TILOdYX L EE

Pap '05

TIL3) X Ls: FFARE D #EH9
-0 Pap '05

. @@,\.@GMM

1

HEB O B
—0 —>0)
D087 12
%/_J
HFREEELD

— 454 —




<kOAk
BREESV, BHREEE TS 2V
<hAAK M =(V, 7) D2 E [Whitney '35]

T
L

~

JeTd

'v]i 3761
€z, |I

, <|J=3jeJ\I, TU{j}eT
pegraasy PO =max{{JHJI S XS €L}

EBTROAR: V= SIS T = (BRI RIES)
- JSTMRRAAMR V=KEE, 7={G D}

o o |@
<IN m

~

13

<hOAF X

<hOAR MT = (V,ZT), M~ = (V,Z7)
<

BA HEMIES max{|I| | IeZTT NI}

1] - =@ S7D=VFLY
UNEICENOYRYE ST )
- RS

x —f8ISTDTYFUY

YhAME RXDERR/INEE
[Edmonds '70]
M=V, 7H), M~ =(V,I")

max{|I| | Ie Tt NI}

ThOAFRRX 7ILTYX L

{be,el=TeItnI™

TU{a}\ {0} eI TU{d}\{c} €T

_ . + _
= )'}ng”‘}{/) (VAX)+p (XD} G B & @ B @
Tu{a} 1™ i
VX 7 X TU{a} ¢TI I pyutdrel
s °® e IU{a,d, f}\{b,e} e TT NI
(@] [ N )
I {EREF BRF DILIE
BHRTS7G = (V,A) <hOAK X
<haqk Mt = (V,27), M~ = (V,17) ‘ ‘
e MT M~ MEBEvFA/K — BEF
’Hfil ° N
M C A MEIEBERF 0‘0 O @ tb,c,e} E T NI
MAEBET @—® @ (3
Ly lotmert | otMm={abde fgreTt O M HSRIEEF
O MecI™ 0"M ={b,c,d,e, f,gt €T
EE{BEF [Cunningham & Geelen '01] @—)@
E;L;;iﬁ'fzﬁl—tbvaz WA @ .
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HIBRFORAZ/NEE

G = (V, A): FEBET, M+ = (v,zH), M~ =

max{ | ﬁiﬁﬁ? |}

min {p+(V\X+)+p (V\X )
x+.x

R —

WMITBRF7ILTIX L

@MU{b}\{C}EIT .
(>

00@

X+ N X - 0dd(XF N X))} T M\ {d}U{e} ez™ "MU{j} T
|- BEv SRS BETLRL | P &
X~ =v\xt&dae, @—@ s W0
min {pt(V\XH) +p(x 1)} -
e
G—>P | 19 2
Shrink M <kOAk N
TILOYX LD

M= (VAW U {w}, T)

I={I|ICV\W, 3JCW,|J|=
U{IU{w}|ICV\W, IUW €T}

W|-1,IUJ eI}

-Expand M TE5-HDERLGESR
VAW U {w}

@ e®)d

VAW U {w}

(800

1% I 1%
' o
oo
IhOARDRNIBEHT=T
IhOARIZxTSFHLLEE: “Shrink”

21

- IhAARIZH T HFLLVERE: “Shrink”
- R ARR/NEEDOEMAEIA
- FHEE 0n*0) [n = TEAHL, 0 = I MEHIE]

- Edmonds—Gallai 3f& (=v5>41
EKRKDE| =rorrxx)

} B DR

22

FED

gﬁﬂw’c‘,
HEEH BIAIBEF 7ILTUX LA

BEHOEMIBAEF 7ILTUX L

Cunningham & Geelen '01
HE<rOAR A 2—192 3 [Murota '96] |ZIRE

|

23

HEBITvE—D
DEINVFY
Yuji Matsuoka:

Fractional Packing in Ideal Clutters,
SODA’07

WEHE (RRKZ, D1)

24

— 456 —




9593 —D | (st-73REst-hvk)

A0 0O A0 Ho

= FEEDOst-/SREFEEDst-DYMMIBT DD

25

WAV VALY Q

[BA/SvFLTDKRES9)

26

St-/1SADIyx Y @

> mue
Ho
<I>

[BR/SvFL T DRES 9]

| BNV DEE 9|

27

St-/fZO)/f“J;\:”Jﬁ‘ Q

[BsovbOBEE 9] | BRSVFLTDRES )

TE I [Ford-Fulkerson, 1962]
(B/Dst-vk) = (st-rSADTFEK/NAVFUT DKREX)

28

Nk el JAVE S/

A HRES Ec2”

H=(4E):| o | EQEERRMIC
I5v8— | T | AaBfRsaL

w:d—>R,

Yo(PeE) syt | S | 2 yexe Sw, 1,20

PeE

> SR ORES

PeE

29

DZvE—EJavh—

H=(4,E):55v5—

b(H)=(A,F):| » |F:2TH E DEXRL
HpInvh— | | Zh2BINEED LK

30
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MFMCO5vA3—LIBRB o5y —

H=(A4,E):95v5— b(H)=(A4,F): 7avh—

H:MFMCOZv5—

YEN minw(C) = BAEH <% 5 ORES Vw: 4> R,

H: #BEI5y8—

o [minw(C) = BRAR SvF T OREE Vw: 4> R,

31

I79EA—DH(FAoaL4 o EFT (V)
FAI1
| BEEORENTHET ST BB IRES |
O )

L]

= FEDFADAMVERBDF(HVMIBT DD

AL DINFY

I
6 ‘8 2
[ 1 foees
6 4

[BA/SyFLTDKRES 6]

5 6

33

s EEEINIAVE M)

Tl
6 ‘8 2
6 4

[BA/SvFL T DKRES 6]

5 6

BN ADVLOBE 6|

34

BALo4DINYFH

6 ‘8 2
6 4

[BA/SyFLTDKRES 6]

5 6

BT ANIEDBE 6|

T8
(BINFAhYR) = (BA4Da140DRRBH/ VT YD)

35

Schrijver® {5l
2]
| g%jcg;;\";#’/f |
Il
[RVBRERT, EOEEEEO | .
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BAL4DINFTY

A
6 4

[BA/yFLTDKRES 6]

5 6

(BN AHVEDEE 6|

TE I [Schrijver 1980]
(BNFAhuk) = (FAT31VDRABH/ VX Y)

37

BALOLDINFH

6‘82
6 4

[BA/vFL T DKRES 6]

5 6

(BN AHVEDER 6|

FEE[Schrijver 1980]
(BRINFADUR) #= (BAPaAVDBRREH/ VX D)

FE [ Lucchesi-Younger 1978]
(RINFADUR) = (FA2310DRRAB/AVEDT) 4

BALoqA42DINFTH

T
6 ‘8 2
6 4

[BA/yFLTDKRES 6]

5 6

(BN AHVE DR 6]
e

TE I [Schrijver 1980] [MEMCTRLY |

(RINFADYR) # (FA2a(DRRBH/\vFY)

| ——
T [Lucchesi-Younger 1978] [ ZEHI
(WNTAHUE) = (BATaAVDBRRABUIVFIT) 5

D703 —DFI(ZEBARENVR)

= FROEEBAREFEEOAVMILT DS

40

== NOVAVE 2y :>3

2
>

[BA/SvFLTORESS]

41

== NOVAVE 2y Z>

2
>

(B SyF T ORES 3]

BV DORE 4|

42
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== NOVAVE 2y >

2
>

[BR/SvFL T DKRES 3]

| BV OEE 4]

E: (BAIYN) # (BAPBUSYFLTDAES) |

43

= Cw NOVAVE 2y :>o

2

> (mamy

| BNV OER 4] [BX/SvFL T OKRES 3]

EREMTHL
E: (BINYR) #E BASBUSYELT DAES) |

44

— - / \‘ 0
D59 R—MD 7 5E
_ N MF o= e o N
IovA— | Tavh— MG | RARNMERE | /\vFxd
Ford—Fulk
st8Z | sthvk [ O | O | 7 TN gk
(1962)
Gabow &
r-BRAK r-A3vk | O | O |Edmonds (1973) Manu (1998)
— . s Edmonds & Barahona
T=2ad | Tk | % 1O onson (1973) | (2008)
NN o " Lucchesi &
FALoaA4> | FA4Avk| x | O Younger (1978)
Gabow &
28K | vk | x| X x Manu (1998)
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BEIZYI—DREBINvXT

- BEOEOIZEADa4 D/ F ) TiRbA.
- D57 LDEBEREVELLLGNWIEITEE.

el

- D=(VA): BRI ST, w: ADA
- n=|V|, m=|Al.
Aw): BE w ICETIR/NT1HYME.
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ZHEAZEA

+ A
=conv = conv +R
Q P:dijoin {ZP} P:di/'oin{ZP} +

Zr

Xp

Zp,

47

ZHEAZEA

’ 4
= conv =conv +R
Q Pdijoin {ZP } P:di,-o,-,,{l P} +

Xr

Xr

Xp,
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ZHEAZEA

Xr

e,

Xp,

O=conv'{y,}=conv{y,} +R]
P:dijoin P:dijoin

={z|zeR%, y. z21,VCeF}

R EEIOL, - IAVESZ

| 540312058 vx Y|

max. >y, M -
Pidijoin min. w(C)
s.t. Zyp;(P <w, y,20 s.t. C:dicut
P:dijoin

OB/MNEAHYNEBIEMITFHETEDD,
BA231O DR SF T EEZ L.

OR/NF A1 PEMIFHETES.

= WPZILTVXLEYTIL—FETBHIET,
FA2AMVDRRDBNVX T EHET 5.

49 50
=] A
BIREDZE R [l
SHEME
max. A
max. Vp max. Vp
P:dEIj;in ! s.t. Z Apyp < %, P./Izij(;m !
St D VeXp SW, 7520 e St D VeZeSW, ¥, 20
Pidijoin — a, 20, Z a,=1 Pidijoin
Zy p=4 Pdijoin
Pdijoin
Yp=4a,

51

RINEAhLE
fRIFIERED

52

FRED A A—

O =conv'{,}

- w
. w X
Find «, A(w)
w
s.t. Aplp <—), /
Z T ) A
a,20, Ya,=1 a
P:dijoin
X )econv*{;(,,} WZDWT, conv' i a ORI E EHIIT LW
w
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EEREDEDNTS

WWELFHE:
DESP->THELEDEHERASN ?
QEELD S ODYDHIE
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= RORLSEDRITATASD
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FZILO)XLDEE

Step 0:w" DFe> TN DH % F(D)ET 5
F(®)=0n{z|z. z=1,YC e ®}.
Step 1: 1l F(®) DR g, KD 5.
=|BF4 a1 D E1E]
Step2: P&/ Ny X 7.
2o W =1 B CBROND
=S>0IZCEMZD.
=BT AHYEOHE m B |
Step 3: F(®) 28 1 &S 72AUTHE T . ‘
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max. Zyp s.t. ZyP;(PSW, yp20

PeE PeE

Jayh— bH)=(AF

- DRUNVF U RE:

- UTOZO0HR/IMEREZA SV L ET BRRE.

‘min. I(P) st. PeE ‘

‘min. w(C) s.t. CeF‘
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* 9 HNEMLNAEEDORFE
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63
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 EFEE
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(D2)
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Sign-LP, LCP, EMEMITHIIER
NFHEEFEIL, RGBT

o KEFEIC (D2) LEDITEH, MmxEt
- WME%HE (D1) 2A—, /S\uFxoy, ANy y

IyFUY, RhAAR, BRF
TR, Mo AEX
Jump System, Disjoint Paths

© EERITEB(M2)
- BRI (M2)
o INKIEEE (M2)
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NHC (New Horizons of Computing) *F—J—K

* 20045 E-2007 4 & (44F) « 7ILTAYR L

« FISEMA (RBEIEZEIT1.2(8) ~ITOHLPZBEICTRND

« 2THRRT IL—T, $91002 DHRE - RO SHM

. B®E - ERGEHOSHEDREA
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ER — ik 5 B0 I T _ =ot HADTRHAE
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ELEZ Il & i JlF S .t RpIETEEZE
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£ 4] Workshop on New Horizons in Computing --- Recent Trend
in Theoretical Computer Science

[B2-1577] 200542 A28H ~3 A3 - R&ASVILEKRTIL

[EE &) # 1L 5 (4L K) -Magnus Halldorsson (U. Iceland)
[{B##EE(214)] Ming Li (U. Waterloo), Mikkel Thorup (AT&T), R.
Ravi (Carnegie Mellon U.), David Shmoys (Cornell U.), Tao Jiang
(UC Riverside), Avrim Blum (Carnegie Mellon U.), Uriel Feige
(Weizmann Inst.), Timothy Chan (U. Waterloo), Herbert
Edelsbrunner (Duke U.), Martin Farach-Colton (Rutgers U.), Shan
Muthukrishnan (Rutgers U.), Kazuhisa Makino (Osaka U.), Lisa
Fleischer (IBM), Seffi Naor (Technion), Uri Zwick (Tel-Aviv U.),
Josep Diaz (U. Politecnica de Catalunya), Richard Cole (New York
U.), Susanne Albers (U. Freiburg), Jiri Matousek (Charles U.), Lance
Fortnow (U. Chicago), Osamu Watanabe (Tokyo Inst. of
Technology)
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Bruce Reed (McGill University), 2006.8.1--2006.9.1

Wolfgang W Bein (University of Nevada, Las Vegas), 2006.8.6--2006.12.29
Oscar Ibarra (University of California-Santa Barbara), 2006.8.16--2006.9.17
M. Grazia Speranza (Universita' Degli Studi Di Brescia), 2006.10.10--2006.10.14
Tibor Szabo (Inst. of TCS ETH Zurich), 2006.11.8--2006.11.21

Uri Zwick (Tel Aviv University), 2006.11.11--2006.11.21
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Magnus Halldorsson (University of Iceland), 2006.11.12--2006.11.19
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NHC Autumn School on Discrete Algorithms

November 15th—17th, 2006

Sunparea Seto, Aichi

Program

Nov. 15th (Wed.)
11:00 —
12:30 —
14:00 — 17:00

17:00 — 18:00
18:00 —
20:00 — 23:00

Nov. 16th (Thu.)

8:00 —

9:30 — 12:30
12:30 —
14:00 — 17:00
17:00 — 18:00
18:00 —
20:00 — 23:00

Nov. 17th (Fri.)
7:30 —
9:00 — 12:00

12:00 —
13:30 — 16:30

Registration
Lunch
Making, avoiding and probabilistic intuition in positional games

Tibor Szabo (ETH Zurich) ...,

Discussion
Dinner

Open problem session

Breakfast
Approximation algorithms for geometric intersection

Thomas Erlebach (University of Leicester) .....................

Lunch
Approximation Techniques for Coloring Problems

Magnus M. Halldorsson (University of Iceland) ................

Discussion
Dinner

Open problem session

Breakfast
Fast matrix multiplication and graph algorithms

Uri Zwick (Tel Aviv University) ..............cociiiiiiiin...

Lunch
Speed Scaling Algorithms For Power Management

Kirk Pruhs (University of Pittsburgh) .........................
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Making, avoiding and probabilistic
intuition in positional games

Tibor Szabd
ETH Zirich

(Dan Hefetz, Michael Krivelevich, Milos Stojakovic)

Positional Games

Set X, the board

Family #c 2%, the winning sets
Player | and Il alternately claim one
unclaimed element of the board
Who is the ?

STRONG GAME:

Whoever occupies a winning set first
EXAMPLES:

Winning sets in Tic-tac-toe

X
XXX
X

Winning Tic-tac-toe

X|O|X
OX
O] ¥

Drawing in Tic-tac-toe

X |OX
OX|X
OX1O

Positional Games

Set X, the board

Family #c 2%, the winning sets
Player | and Il alternately claim one
unclaimed element of the board
Who is the ?
STRONG GAME:

Whoever occupies a winning set first
EXAMPLES: Tic-tac-toe
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Winning sets in 5-in-a-row

X
X

XXX XX

Weak game

* In a strong game both players have to
occupy
prevent the other from occupying
In a weak game these jobs are separated
+ WEAK GAME:
Player | (Maker) wins if he fully occupies a
winning set, otherwise Player Il (Breaker)
+ EXAMPLE: Hex

“Weak” Tic-tac-toe

X
O

OIX|X

“‘Reasons” for study

* Beautiful theory
— Recent book of Beck: “Tic-Tac-Toe Theory”

+ Positional games motivated the technique
of derandomization in the theory of
algorithms

— First application of the method of conditional
expectations (Erdés-Selfridge)

— First algorithmization of the Lovasz Local
Lemma (Beck)

Graph Games

* Board E(K,)

+ Examples:
— Connectivity game 7,

Playing “Connectivity”

Maker WON!!!
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Maker’s strategy 7,

Build a tree by joining one isolated vertex
in each round to his component

Why can Maker always do this?
The game will end after n-1 moves

If Maker’s current component has k
vertices, there are k(n-k) < n-1 potential
edges to choose from. There is a free one.

(Breaker selected at most n-2 edges)

Graph Games

* Board E(K,)

+ Examples:
— Connectivity game 7,,
— Perfect matching game 47,
— Hamiltonicity game H,,

Graph Games

+ Connectivity

Maker wins (easily)
for every n

* Hamiltonicity

Maker wins for large n
(Chvatal-Erdés)

Biased games

» Chvatal-Erdés: Give Breaker a break (a bias)
(m:b) game: Maker takes m edges at once
Breaker takes b edges at once

is the threshold bias of game # if
— Maker wins the (1:b) game for every b <
— Breaker wins the (1:b) game for every b >
exists

Biased graph games

+ Connectivity
Chvatal-Erdégs
Maker wins [1;

* Hamiltonicity
Bollobas-Papaioannou
Maker wins 1;01&

loglogn

Beck: Maker wins

{1{10%2—5]”
27 logn

[

7_8 [
4  Jlogn
Breaker wins| 1:(1+g)i
logn

Beck
Maker wins (1:(10g2—8)nj
logn

)

Improvement

Theorem. (2006+) Maker can build a
Hamilton cycle playing against a bias of

(log2— S)L
logn

Big open question: What is the asymptotic
threshold bias for minimum degree 1
(isolation of a vertex)?

— 476 —




How to build a connected graph
against a large bias?
* Proof (Beck)

* ldeas:
— A criterion
— Solving a kind of “dual” problem

Criteria

» Erdés-Selfridge: Breaker has a winning
strategy in the (1:1)-game on # provided

2« 1
AeF 2

» Beck: Breaker has a winning strategy in
the (p:q) game on # provided

Z(Hq)—w/p <L

AT g+l

Proof of Erdés-Selfridge

» Existence of winning final position is easily
proved by probabilistic argument

» But how to achieve it against a skilled
adversary?

» Appropriate definition of the “danger” of a
situation for Breaker.
Then try to minimize the danger.
» Assume first that Breaker starts the game.

Danger function

* B={xy,...x} M=y s, ¥i
N[0 ifBNA#{
1,0)= {2_|A\M, if BNA={}

* Breaker wins iff every Ae #has danger < 1
of the position

F(i)=2_ 1,(0)

AeF

» At the beginning F(0)<1
* Let’s keep it that way!

* How?

* GREEDILY!

+ Breaker’s strategy: Select b;,,eX ¥ M, ¥ B,
which
!

—|A\M;
* That is: 22 e is maximized for x=b;,,

xeAd

ANB={}
* Hence
Fli+1)=F(i)- Y24 Yo
b€ m €A by mi €A
ANB={} ANB={} ANB;={}
SF(i) S eeeeen <F(0)<1
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Criteria

» Erdss-Selfridge: Breaker has a winning
strategy in the (1:1)-game on # provided

D2« 1
AeF 2

» Beck: Breaker has a winning strategy in
the (p:q) game on # provided

Z(Hq)"A‘/” L

AT g+l

How to make a connected graph?

* Make a spanning tree!
or rather
* Put an edge into every cut!!!
* Play Breaker on the following family:

C ={xy:xeS,yev\stscr}

Using Beck’s criterion

« For b=(log2—¢)n/logn

Ln/2]
Z(1+1)—|A\/b _ Z[Z]zk(nk)/b =o(1)

AeC, k=1

. L”/2J n k()b
Evaluating Z@Z "
k=1
for b=(log2—&)n/logn
. For k<+/n

n* 27— < explk(logn—(1+£—o(1))logn)} < 3%

« For k>+/n
k
(e]:) 2Hn/2b < exp{k log(eﬁ)—%log n(1+ 5)} < 3%

Theorem (Beck) Maker can build a spanning
tree while playing against a bias of

(log2—¢) L

logn

Improvement:

Theorem (2006+) Maker can build a Hamilton
cycle while playing against a bias of

n

(log2-¢)
logn

Main tools

» Beck’s criterion for Breaker’'s win

* New pseudorandom criterion for
Hamiltonicity --- involving only two
“positive” conditions

* A thinning trick
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Hamiltonicity criterion

Let d= logloglogn
loglogloglogn

nloglognlogd

P1 For every ScV, if [S|<
Then [N(S)| 2d|S|

P2 in G
A,BcVif

nloglognlogd

dlognlogloglogn

| AL B2
4130lognlogloglogn

Then G is hamiltonian.

When dumb players are playing...

Maker/Breaker are random edge generators

What is the largest bias against which DumbMaker
still beats DumbBreaker (almost always)?

At the end DumbMaker’s graph is a random graph
G(n,M) with M=[;] /(b+1) edges

What is the smallest M=M(n) such that almost all
graphs with M edges and n vertices are connected
/ having a perfect matching / Hamiltonian?

The model G(n,M)

* G(n,M) is the probability space of graphs
where each graph with n vertices and M
edges occurs with the same probability.

* Introduced by Erdés and Rényi in 1960
+ Studied extensively ever since

Thresholds in random graphs

Theorem (Bollobas, Thomason)

Let P be a monotone graph property. Then there
exists a threshold function My(n) such that

Pr(G(n,M’(n)) has property P) — 0

for every M’ « M and
Pr(G(n,M”(n)) has property P) — 1

for every M” » M

Theorem (Erdés-Renyi) M, = nlog n for connectivity
Theorem (P6sa) M, = nlogn for hamiltonicity

Clever game vs. Dumb game

« For #=17,,M,,and H,
the largest bias of Clever Breaker against which
CleverMaker succeeds is

the largest bias of DumbBreaker against which
DumbMaker succeeds a.a.

b =n2/2M .= @( " ]
logn

* QUESTION: Is this a coincidence?
+ ANSWER: We don’t know (yet)

How far does the random graph
intuition go?

* QUESTION: Is the random graph intution
tight up to constant factor?




Sharp threshold

Theorem (Erdés, Rényi) For every €> 0
Pr( G(n,(1/2—&)nlogn) is connected) — 0
Pr( G(n,(1/2+£)nlogn) is connected) — 1

Theorem (Komlés-Szemerédi) For every £> 0
Pr( G(n,(1/2 - £)nlogn) is hamiltonian) — 0
Pr(G(n,(1/2+&)nlogn) is hamiltonian) — 1

How far does the random graph
intuition go?
* QUESTION: Is the random graph intution
tight up to constant factor?
s Is b-or b,requal to (1+0(1))——?
logn

* The general answer to the above question
is negative

Further threshold biases

* Theorem (2006+)
bp=n/2 +0(n)

(A7 denotes the family of non-planar graphs)
b= n/2 +o(n)

(##is the family of graphs containing a Kj-minor)
byp=0O(n)

(VC, denotes the family of non-A-colorable graphs)

“Sharp” random graph intuition fails

For&/Zand 2f the “clever-bias” is =n/2,
while the “dumb-bias” is =n

Planar graphs

» Definition. A graph G is if there is
an embedding of G in the plane such that
no two edges cross.

* Euler’s formula. Let G be a planar graph
with a plane embedding. Then

#vertices + #faces = #edges +2
» Corollary. Let G be a planar graph with
irth k. Th
g en e(G) < kz(n—Z)

How to build a nonplanar graph?

* Trivial:
If b <n/6, then any strategy will do

* Maker has at least 3n edges at the end, so
he won
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How to build a nonplanar graph

1

# of edges of Maker: (l+a,(&)h=

Let k = k(&) be the smallest s.t. (1+%} >

* GOAL of Maker:

+ Avoid creating cycles of length < k, in the
first (1+a/2)n moves

* If Maker succeeds in doing this, he won:
He has a graph of with

at least (ngw L edges

2 k-2

GOAL of Maker:

» Avoid creating cycles of length <k, in the
first (1+a/2)n moves

Strategy: Claim edge (u,v) such that
— (u,v) does not close a cycle of length < k
— Degrees of u and v are < n/k+1)

* Works, since in the time-interval of our
interest there exist Q(n?) unclaimed edges

How to prevent our opponent from
building a non-planar graph?
* Proof: Let . How can Breaker win?

» He will force Maker to build a spanning
tree! (which is planar)

* (Assume that n is even. Note that Maker has
exactly n-1 edges at the end)

Enforcing a spanning tree

* More generally: assume G consists of b+1
pairwise edge-disjoint spanning trees.

* Then Breaker can make sure that Maker
has a spanning tree at the end of the
game.

* Note K, can be partitioned into n/2 spanning trees.

Breaker’s strategy

* Maintain spanning trees 7, T,,..., T,
such that

* Maker’'s graph = /1E(T)

* Breaker’s graph = E(K,) ¥ UE(T)

* Unclaimed edges = UE(T)) ¥ /1E(T)
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* What did just happen here?

» Breaker “enforced” that his opponent did
something.

Avoider/Enforcer games

 Avoider wins the game if he does NOT
occupy any of the “winning sets” (which
thus could be called “losing sets”),

otherwise Enforcer wins

is the threshold bias of the
Avoider/Enforcer game F if

— Enforcer wins the (1:f) game for every f <
— Avoider wins the (1:f) game for every f >

Occurences

» The goal of Maker is to build a graph from
a monotone decreasing family.
— planarity game

* Building a pseudorandom graph (useful for
various Maker/Breaker games)
— Making lots of edge-disjoint Hamilton cycles

First surprise

* Random graph intuition fails
BADLY!

Theorem.(2006+) Avoider loses the (7:b)
game on 7, as soon as b is such that he

has at least n-1 edges at the end. l.e.
- |n/2]  nisodd
7o ||n/2]-1 niseven

Second surprise

« We do not even know whether a threshold
bias exists at all!

« Sometimes it doesn’t!

What do we know?

* The lower threshold bias f; is the largest

integer such that Enforcer wins the (7.f)
AE-game # forevery f < f;

» The upper threshold bias f; is the largest

integer such that Avoider wins the (7:f)
AE-game # for every f>f;

Theorem (2006+) For all the discussed

games, _
bT S fT
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Criterion

* Theorem Avoider has a winning strategy
in the (p:q)-game on # provided

23] )]

* Remark Formula does not depend on q

* Open Problem Obtain a useful criterion
for g>1.

What we don’t know

* Burning open problems.
Upper bounds on /7
Prove f;=®(f¢) for “nice” games

TFLCLHE youfor yOUJ’ attention!
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: Approximation algorithms |

for geometric intersection graphs

Thomas Erlebach
] University of

@ Leicester

Based on joint work with:
Christoph Ambihl, Klaus Jansen, Erik Jan van Leeuwen,
Matus Mihalak, Marc Nunkesser, Eike Seidel
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Outline

Introduction

Independent sets in disk graphs
Vertex covers in disk graphs

Vertex coloring disk graphs
Rectangle intersection graphs
Dominating sets in unit disk graphs
Some open problems

o o o 0o o 0 @

L

. Erlebach — Approximation algt Ngorithms —

]

1o, Seto, Aichi, Japan — November 15-17., 2006 —p2/81

What are geometric intersection graphs?

-

@ vertices = geometric objects
@ edges = non-empty intersection between objects

Example: a rectangle intersection graph

EEy il

— |

intersection graph

geometric representation

L ]

. Erlebach Igorithms for - tumn Sehool on Di o, Alchi — November 15-17, 2006 — p381

Popular geometric intersection graphs

(1 disks (= disk graphs), squares

[ “fat” objects

[ ellipses, rectangles (axis-aligned), arbitrary convex
objects

1 line segments, curves, higher-dimensional objects

—

The recognition problem is typically NP-hard!!

Some Applications:

= Wireless networks (frequency assignment problems)
= Map labeling
= Resource allocation (e.g. admission control in line

networks)

. Erlebach — Approximation alge \gorithms —

B

]

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p4/81

Application: Wireless networks

[ ]

L ]

— NHG Autumn Schoo on Di 1o, Aichi, Japan - Noverber 1617, 2006 —p §/81

Application: Map labeling

(illustration taken from a paper by van Kreveld, Strijk, Wolff)

. Erlebach — Approximation algt \gorithms —

]

1o, Seto, Aich, Japan — November 15-17., 2006 —p&/81
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Application: Call admission control

Disk graphs

f T f ...are the intersection graphs of disks in the plane: T
Time
19+
18" |
121 | |
16+
15+
141
13+
121
117
10t |
9.-
Network (line topology)
Subclasses of disk graphs ...every planar graph is a coin graph
f* Unit disk graphs: all disks have diameter 1 T f planar graph: T
touchi h of disks:
¢ Coin graphs: touching graphs of disks whose interiors oucning graph of dIsks
are disjoint
////'
touching graph of “blobs”:
\\\\'
Coin graphs are planar, but surprisingly ... [Koebe, 1936]
Maximum Independent Set (MIS)
f T fInput: a set D of disks in the plane T
Feasible solution: subset A C D of disjoint disks
Goal: maximize |A|
Maximum Independent Set
In the weighted case (MWIS), each disk is associated with
a positive weight.

. Erlebach — Approximation aigor

— November 15-17, 2006 —p11/81

T Erlebach I i hool on D to, Alchi —November 15-17, 2006 - p12/81
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Approximation algorithms for MIS

An algorithm for MIS is a p-approximation algorithm if it
> runs in polynomial time and

> always outputs an independent set of size at least
OPT/p, where OPT is the size of the optimal
independent set.

A polynomial-time approximation scheme (PTAS) is a
family of (1 + ¢)-approximation algorithms for every constant
e>0.

For MWIS, the definitions are analogous.

L ]

1o, Seto, Aich, Japan — November 15-17, 2006 —p13/81

MIS in unit disk graphs

[ ]

The problem is N'P-hard [Clark, Colbourn, Johnson’90].
Let’s try the greedy algorithm:

Algorithm GREEDY
I=10;
for all given disks D do
if D is disjoint from the disks in I then
I=1U{D};
return J;

L ]

T Erlebach - Approximation algorithms for geomels Avtumn — Sunparea Seto, Seto, Alch — November 15-17, 2006 — p14/81

Analysis of the greedy algorithm

[ |

@ Compare the greedy solution 7 with the optimal solution
I*.

@ “Charge” every disk in I* to a disk in 1.

® Bound the number of disks charged to the same disk in
1.

Charging rules for a disk D € I*:

© If Disin I, charge D to itself.
@ If Dis notin I, then charge it to any disk that intersects
D and was accepted by GREEDY before it processed

L ]

1o, Seto, Aich, Japan — November 15-17, 2006 —p.15/81

How often can a disk D in / be charged?

[ ]

If D is also in I*, D is charged only once.

If D is notin I*, it is charged by disks in I* that intersect D.
These disks are disjoint, so there can be at most 5 such
disks:

= |[*| < 5|I] and GREEDY is a 5-approximation
Lalgorithm. J

T Erlebach - Jgorithms f .y Avtumn —November 15-17, 2006 — p16/81

An improved greedy algorithm

Algorithm LEFTMOST-GREEDY
I=0;
for all given disks D in order of increasing z-value do
if D is disjoint from the disks in I then
I=1u{D};
return I;

Claim. LEFTMOST-GREEDY is a 3-approximation
algorithm for MIS in unit disk graphs.

L ]

1o, Seto, Aich, Japan — November 15-17, 2006 —p.17/81

Analysis of LEFTMOST-GREEDY

[ ]

Use the same charging argument.

Note: A disk D in I receives charge from disks in 7* that
are processed after D by LEFTMOST-GREEDY.
Therefore, each disk is charged at most three times:

()

L ]

T Erlebach - Igorthms f i Avtumn — Sunparea Seto, Selo, Achi — November 15-17, 2006 — p18/81
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Do we need the representation? LEFTMOST-GREEDY w/o representation

GREEDY did not need to know the representation, but T fGiven a graph G = (V, E) that is the intersection graph of T
what about LEFTMOST-GREEDY? unit disks, the following is a 3-approximation algorithm for
For getting ratio 3 we needed only the following: MIS:
When a disk D is selected, the disks intersecting D
that are processed later contain at most three
disjoint disks.

-

I=0;
repeat
v = a vertex whose neighborhood does not

have 4 i ices;
= We can still get ratio 3 if we can identify a disk whose I— [?Jv?v}.mdependent vertices;

neighborhood does not contain four disjoint disks! delete v and its neighbors from the graph;
until the graph is empty;
return I;

The vertex v can be found in O(|V]?) time.

L ] L ]

. Erlebach - Approximaion algor Auturmn to, Seto, Alchi, 15-17,2006 —p19/81 T Erlebach I geometric hool on Discrels . Selo, Achi 157, 2006 - p20/81

The shifting strategy Shifting for unit disk graphs
© Partition graph into slices. i _
@ Let k > 0 be a fixed integer. C;«, 0 setive
GO)| H’LH ‘%M ‘ﬁillﬁ‘ ‘:ii-lﬁ‘ M ©® Remove slices equal to ¢ Q‘ !
‘ ‘ modulo & and compute a A )
Gl maximum independent set in ;
(EEEEE % |
G(2) bl @ Output the largest set Ay N, L _
@@@@ found in this way. < T /P /\ 4 active
¢G) @@%@@ The largest of these sets con- T °
tains at least (1 — })OPT ver- 0 1 2 3 4 5 & 7 8
L tices. J L Remove disks hitting active lines (and shift active lines). J
Solving the Subproblems PTAS for MIS in unit disk graphs
fActive lines partition the plane into squares that can be T @ For 0 <r,s <k, getD(r,s) from D by deleting disks that

considered independently: = hit a horizontal line equal to » modulo & or

= hit a vertical line equal to s modulo k.

® Compute the maximum independent set I in each
k x k square S of D(r, s) by brute-force enumeration.

© The union of the sets I gives a maximum independent
setin D(r,s).

@ Output the largest independent set obtained in this way.

Z\ Q Running-time: n°*") for n disks. (Can be improved to

= Compute maximum independent set I in each square by no®))
brute-force enumeration. Since |I| = O(k2), time nO**) Approximation: Computed solution has size at least

| suffices. B L(l — ) OPT. ]

. Erlebach — Approximation aigor Auturmn 10, Seto, Alchi, 15-17. 2006 - p23/81 T Erlebach I geometric hool on Discre . Selo, Achi 1517, 2006 - p24/81

— 487 —




-

MIS in unit disk graphs: Summary
B

w AP-hard [Clark, Colbourn, Johnson 1990].
= GREEDY gives a 5-approximation.
[Marathe et al., 1995]

w LEFTMOST-GREEDY gives a 3-approximation. There is
a variant that does not need the representation.
[Marathe et al., 1995]

w The shifting strategy gives a PTAS. It needs the
representation.
[Hochbaum and Maass, 1985; Hunt Ill et al., 1998]

]

1o, Seto, Aich, Japan — November 15-17, 2006 — p25/81

Recent related results

-

# [Nieberg, Hurink, Kern, 2004] PTAS for maximum T
weight independent set in unit disk graphs without given
representation.

»® [Marx, 2005] Maximum independent set in unit disk
graphs is W[1]-hard. (= No FPT algorithm and no
EPTAS unless FPT=WI[1].)

» [van Leeuwen, 2005] Asymptotic FPTAS for maximum
independent set (and various other problems) in unit
disk graphs of bounded density.

L ]

T Erlebach - Approximation algorithms for geomels Avtumn — Sunparea Seto, Seto, Alch — November 15-17, 2006 — p26/81

-

4 The approximation ratio of GREEDY is only |[V| — 1.

MIS in general disk graphs
B

4 But it helps to process the disks in the right order:

Algorithm SMALLEST-GREEDY
I=0;
for all given disks D in order of increasing diameter do
if D is disjoint from the disks in I then
I=1U{D};
return /;

]

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p27/81

Analysis of SMALLEST-GREEDY

Again, charge disks in the optimal solution 7* to disks in the
solution I computed by the algorithm.

= Every disk D in I receives charge only from disks in 7*
that intersect D and were processed after D. There can
be at most five such disks.

SMALLEST-GREEDY is a 5-approximation algorithm.

If the representation is not given: Find a vertex whose
neighborhood does not contain an independent set of size
6, select it, and delete its neighbors.

T Erlebach - Jgorithms f " Avtumn lo, Achi —November 15-17, 2006 — p28/81

-

Extending the shifting strategy

O Classify the disks into layers according to their sizes.
® Use the shifting strategy on all layers simultaneously.

© After removing all disks that hit active lines, use
dynamic programming to compute a maximum
independent set.

Classification into layers:

> Assume that the largest disk has diameter 1.
> Layer (: disks with diameter d, 55 > d > gy

> Lines on layer ¢ are m apart, every k-th line is active.

]

1o, Seto, Aich, Japan — November 15-17, 2006 — p29/81

Partition into layers

f Layer 0: T

]

T Erlebach - Igorthms f i Avtumn — Sunparea Seto, Selo, Achi — November 15-17, 2006 ~ p30/81
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Dynamic programming table

Layer 0
f Q &) T fAt square S on level ¢, compute TABLEg. T
ﬁ\ - If I is an independent set of disks of level < ¢ intersecting S,
DY O then
size of maximum independent set I’
Layer 1: TABLEg[I]| =  of disks of level > ¢in S such that
5 FISEE IT'uI'is anindependent set.
Bro o b & " P&
S
@ | B
Example Computing TABLEg
1. Enumerate all n°*") independent sets .J of disks of
’ level < ¢ touching S.
St &a’ 2. Look up corresponding entries of TABLEg for

TABLEg [ D 124 (note )

ﬁs (note)
—@_:1 (note Q)

TABLEg

TABLEg

L

1. Erlebach ~ Approximaion aigor Auturmn

to, Seto, Alchi, Japan ~ November

]

1517, 2006 ~ p33/81

subsquares of S.

3. Update TABLEg[] for / = {D < .J | D has level < (}.
Example:
ny
B2 % e

S: O/D J: Lookups:
o)

e, m]m{@s (® ]} oo

T Erlebach I geometric

— November 15-17, 2006 ~ p34/81

Two more examples for lookups

-

<
d D
= ¢
( N
N
oo o
0°Y 20
A —% 0n%%0°
00 5o ﬁ&&q
o
Ay

L

1. Erlebach - Approximation algor Auturmn to, Seto, Alchi,

B

]

15-17. 2006 - p35/81

The PTAS for MIS

f O For0<rs<k,getD(r,s) from D by deleting disks thatT

= hit a horizontal line equal to » modulo % on their
level, or
= hit a vertical line equal to s modulo & on their level
® Compute dynamic programming tables for D(r, s) in all
squares.
® The union of TABLEg[0)] over all top-level squares gives
a maximum independent set in D(r, s).
@ Output the largest independent set obtained in this way.

Running-time: n°*") for n disks. (Can be improved to
nO(kQ)')
Approximation: Computed solution has size at least

| (1-%)opT. ]

T Erlebach I geometric hool on Discrels . Selo, Achi 1517, 2006 — p36/81
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T, Eriebach for ithms —

MIS in disk graphs: Summary
B

w SMALLEST-GREEDY is a 5-approximation algorithm.
There is a variant that does not need the
representation.

[Marathe et al., 1995]

w The shifting strategy combined with dynamic
programming gives a PTAS. It needs the representation.
[E, Jansen, Seidel'01: n0*"); Chan'01: n0®]

Note: These results can be adapted to squares, regular
polygons and other “disk-like” or fat objects, also in
higher dimensions. The PTAS works also for the
weighted version.

]

1o, Seto, Aich, Japan — November 15-17, 2006 — p37/81

Minimum Vertex Cover

L ]

T Edlebach - Jgorithms u Avtumn — Sunparea Seto, Seto, Achi — November 15-17, 2006 — p38/81

-

1. Eriebach for ithms —

The problem MINVERTEXCOVER

Input: a set D of disks in the plane T
Feasible solution: subset C' C D of disks such that, for any
Dl,DQE'D,DlﬂD27é®:>D1 cCorDyeC.

Goal: minimize |C|

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p39/81

Approximating MINVERTEXCOVER
]

An algorithm for MINVERTEXCOVER is a p-approximation
algorithm if it
> runs in polynomial time and

> always outputs a vertex cover of size at most p- OPT,
where OPT is the size of the optimal vertex cover.

A polynomial-time approximation scheme (PTAS) is a
family of (1 + ¢)-approximation algorithms for every constant
e>0.

T Erlebach - Jgorithms f " Avtumn lo, Achi —November 15-17, 2006 — p40/81

-

. Erlebach — for ithms —

PTAS idea for MINVERTEXCOVER
]

> Fact: I is an independent set < D\ I is a vertex cover

> To approximate MINVERTEXCOVER in unit disk graphs,
we can again use the shifting strategy.

> Disks that hit an active line are considered in all
squares that they intersect (at most 4 squares).

%)

Pl
%ﬁ@@

o 9

'

]
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PTAS: MINVERTEXCOVER in unit disk graphs

@ For 0 < r, s < k, partition the plane into squares via

= horizontal lines equal to » modulo & and
= vertical lines equal to s modulo k.

@ Compute the minimum vertex cover Cs among the
disks intersecting each & x k square S by computing a
maximum independent set and taking the complement.

® The union of the sets Cg gives a candidate vertex cover
(for each (r,s)).

® Output the smallest vertex cover obtained in this way.

Running-time: n°*") for n disks. (Can be improved to
O )

L

T Erlebach - Igorithms f " Avtumn

]

— Sunparea Seto, Selo, Alch — November 15-17, 2006 — p42/81
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AnalySlS of PTAS for MINVERTEXCOVER Candidate vertex cover computed by the algorithm for (r,s)

j f has size T

> Let C* be an optimum vertex cover.

D For0 <r,s < k let C*(r, s) be the disks intersecting U opPt(s)| < > |0PT(S)|
active lines for (r, s) and let S(r, s) be the set of all k£ x & SeS(r,s) SES(r,s)
squares determined by these active lines. < Z IC*(S)|

O Forak x k-square S, let C§ be the disks in C* SeS(r,s)
intersecting S and let OPT(S) be the optimum vertex 3|C*(r, 8)| + |C*|
cover of the disks intersecting S. '

IN

For some choice of (r, s):

= at most i|C*\ disks of C* intersect vertical active lines
= at most 1|C*| disks of C* intersect horizontal active lines
For this choice, we have |C*(r, s)| < £|C*|.

B N B = Solution has size at most (1 + £) C* for some choice Of(if

. Erlebach - Approximaion algor Auturmn to, Seto, Alchi, 15-17,2006 —p43/81 T Erlebach I geometric ool on Discret . Selo, Achi 1617, 2006 - pa4/8

MINVC in disk graphs: Summary

[ ] [ ]

w PTAS for unit disk graphs using the shifting strategy
(needs the representation). [Hunt Ill et al., 1994]

w 3-approximation algorithm for general disk graphs (not .
needing the representation). [Malesifiska, 1997] Vertex COlOl'lng

w PTAS for general disk graphs using the shifting
strategy and dynamic programming (needs the
representation).

[E, Jansen, Seidel'01]

Note: PTAS adapts to squares, regular polygons etc.,
also in higher dimensions. Result holds for the weighted
version as well.

] L ]

1. Erlebach — Approximaion aigor Auturmn ihms — 1o, Selo, Alchi, Japan ~ Noverber 15-17, 2006 — p 45/81 T Erlebach I geometric hool on Discret o, Ach —November 15-17, 2006 — p46/81

Coloring disk graphs Analysis for disk graphs
Goal: Assign a minimum number of colors to the disks Let v be the vertex corresponding to the smallest disk.
such that intersecting disks get different colors! Let N(v) be the set of neighbors of v.

Note: At most 5 disks in N(v) can get the same color.

= Optimal number of colors OPT is at least 1 + M
= [N(v)| <5-OPT — 5.
= So we must also have D < 50PT — 5.

The SMALLEST-DEGREE-LAST algorithm colors any
Observation. Let D be the maximum degree of a vertex v disk graph with at most 50PT — 4 colors. [Marathe et al.
at the time it was colored. Then the algorithm needs at 1995; Graf 1995]

most D + 1 colors.

Algorithm SMALLEST-DEGREE-LAST(graph G)
v = a vertex with minimum degree in G;
color G\ {v} recursively;

assign v the smallest available color;

L ] L ]
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Rectangle Intersection Graphs

L ]

T, Eriebach for ithms — 1o, Seto, Aich, Japan — November 15-17, 2006 — p.49/81

MIS in Rectangle Graphs

* Idea: find a “stabbing line” with at most half of the

rectangles above and below.
‘ I —‘

ey s

[ ]

|

L ]
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Approximation algorithm for rectangles

|

Algorithm RECTANGLE-APPROX(set of rectangles R?)

¢ = stabbing line with at most |R|/2 rectangles above and below;
Ranove = rectangles above stabbing line;

Ryelow = rectangles below stabbing line;

Ruiq = rectangles intersecting stabbing line;

compute approximations I, and I for Rapove @nd Rpelow recursively;
compute optimal independent set I for Ryiq;

return the larger of [y and I; U Iy;

L ]

1. Eriebach for ithms 1o, Seto, Aich, Japan — Novermber 15-17, 2006 — p 51/81

Analysis of RECTANGLE-APPROX

[ ]

Theorem The algorithm achieves approximation ratio logn
for n rectangles.

Proof. by induction on the number of rectangles.

Let 7* be an optimal independent set.

Let 1§, I, I be the rectangles in I* that are on, above,
below ¢.

Case 1: || is at least [I*|/logn.

Algorithm outputs a set of size at least

I
I>[*>| .
ol 2 11§ 2 1o

T Erlebach - Jgorithms f " Avtumn lo, Achi —November 15-17, 2006 ~ p£2/81

-

Case 2: |Ijj| is smaller than |I*|/logn.
The algorithm outputs a set of size at least

OPT(Rabove) + OPT(Rbeluw)

LUDL| >

| ! QI - IOg ‘Rabove‘ log |Rbelow‘
> OPT(RaboVe) OPT(Rbeluw)
=~ (logn)—1 (logn) —1
L L e 0

(logn) =1 (logn) — 1

* 1
- (=)

(logn)—1  logn 0

L ]

. Eriebach for ithms — 1o, Seto, Aich, Japan — Novermber 15-17, 2006 — p 53/81

MIS in rectangle graphs: Summary

[ |

= There is an O(log n)-approximation algorithm (with given
representation).
[Agarwal et al., 1998; Khanna et al. 1998; Nielsen 2000]

w For every constant ¢ > 0, there is an approximation
algorithm with ratio 1 + 2 logn.
[Berman et al., 2001]

w |f all rectangles have the same height, there is a PTAS.
[Agarwal et al., 1998]

L ]
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. Erlebach - Approximaion algor

Minimum Dominating Set

NHC Autumn Seh -

]

1o, Seto, Aichi, Japan — November 15-17, 2006 — p 65/81

-

T Erlebach

Flooding an Ad-Hoc Network

]

157, 2006 - p56/31

I geometric ool on Discrels . Selo, Achi

-

L

. Erlebach —

Flooding an Ad-Hoc Network

roximation agor Auturmn -

1o, Selo, Alchi, Japan ~ Noverber 15-17, 2006 — p 56/81

-

T Erlebach

Flooding an Ad-Hoc Network

I geometric hool on Discre o, Achi — November 15-17, 2006 ~ p56/81

L

. Erlebach — Approximation aigor

Efficient Flooding

NHC Autumn Seh -

to, Seto, Aichi Japan — November 15-17, 2006 — p 67181

T Erlebach

Efficient Flooding

I geometric hool on Discrels . Selo, Achi

1547, 2006 - p57/81
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Efficient Flooding

ithms —

1o, Seto, Aich, Japan — November 15-17, 2006 — p57/81 T Eriobact

Efficient Flooding

to, Achi — November 15-17, 2006 ~ p57/81

Efficient Flooding

ithms —

] [

] L

Routing Backbone

» For efficient flooding, we want to find a small subset of T
the nodes that can reach all other nodes. That subset is
then the routing backbone. [Guha and Khuller, 1999]

» We can model the network as a graph.
» Simple model: Unit Disk Graph
Two nodes can reach each other if their distance is
at most d, for some fixed value d.

Each node corresponds to a unit disk, and there is
an edge between two nodes if the disks intersect.

#® The problem of identifying a small routing backbone
then becomes the minimum (connected) dominating set
problem in unit disk graphs.

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p 57/81 T Erlobact I T Autumn to, Achi — November 15-17, 2006 - p58/81

. Eriebach

Unit Disk Graph

ithms —

] [

1o, Seto, Aich, Japan — November 15-17, 2006 — p 59/81 T

Minimum Dominating Set (MDS)
o

Input: a set D of unit disks in the plane
Feasible solution: subset A C D that dominates all disks
Goal: minimize |A|

Erlebact I i Avtumn to, Achi — November 15-17, 2006 — p60/81
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Minimum Dominating Set (MDS)
B o

Input: a set D of unit disks in the plane
Feasible solution: subset A C D that dominates all disks
Goal: minimize |A|

-~ Mol

In the weighted case (MWDS), each disk is associated with
a positive weight.

L ]

. Erlebach - Approximaion algor Auturmn 10, Seto, Aichi, 15-17,2006 ~ p60/81

Minimum Dominating Set (MDS)

[ ]

Input: a set D of unit disks in the plane
Feasible solution: subset A C D that dominates all disks
Goal: minimize |A|

-~ Mol

In the weighted case (MWDS), each disk is associated with
a positive weight.

For Minimum (Weight) Connected Dominating Set
(MCDS/MWCDS), the dominating set must induce a
| connected subgraph. ]

T Erlebach I geometric hool on Discret . Selo, Achi 1517, 2006 - p60/S1

Approximation Algorithms

[ ]

An algorithm for MWDS is a p-approximation algorithm if it
runs in polynomial time and always outputs a solution of
weight at most p - OPT, where OPT is the weight of an
optimal solution.

A polynomial-time approximation scheme (PTAS) is a family
of algorithms containing a (1 + ¢)-approximation algorithm
for every fixed £ > 0.

Remark: In practice, we are interested in distributed

algorithms with fast running-time and good performance in
realistic scenarios.

L ]
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A simple algorithm for MDS
]

» |Initialise U as the empty set.
#® Repeat until no disk left:
s pick an arbitrary disk D
s insert D into the set U/
s delete the disk D and all its neighbours from the
instance

» Output the set &/ as dominating set

L ]

T Erlebach I geometric —November 15-17, 2006 — p62/81

. Erlebach — Approximaion aigor Auturmn 10, Seto, Alchi, 15-17. 2006 - p63/81

Example run

L ]

T Erlebach I geometric hool on Discret . Selo, Ach 1517, 2006 - 6381
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T, Eriebach —

Example run

] L

1o, Seto, Aich, Japan — Novermber 15-17, 2006 — p 63/81 T Eriobact

for ithms —

Example run

]

— November 15-17, 2006 — p63/81

Avtumn — Sunparea Seto, Seto, Achi

L

1. Eriebach

Example run

] L

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p 63/81 T Erlebach -

for ithms

Example run

]

Jgorithms .y Autumn —November 15-17, 2006 ~ p63/81

Example run Example run
E RN TN

’ A} ’ A}
1 \ 1 \
1 1 1 1

4 1

4 7’

- .
T. Erlebach — for ithms — to, Seto, Aichi, Japan — November 15-17, 2006 — p 63/81 T. Erlebach — Igorithms f Al Autumn — Sunparea Seto, Set hi — November 15-17, 2006 — p.63/81
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Analysis of the algorithm

[ ]

» How much worse than the optimal dominating set can
the solution produced by this algorithm be?

L ]

15-17,2006 — p64/81

. Erlebach - Approximaion algor Auturmn 1o, Selo, Achi,

-

Analysis of the algorithm
]

» How much worse than the optimal dominating set can
the solution produced by this algorithm be?

» The set U output by the algorithm consists of disjoint
disks.

]

1517, 2006~ p64/81

Analysis of the algorithm
]

» How much worse than the optimal dominating set can
the solution produced by this algorithm be?

» The set U output by the algorithm consists of disjoint
disks.

# The optimal solution also needs to dominate all disks in
U.

L ]

1. Erlebach — Approximaion aigor Auturmn ihms — 1o, Selo, Achi, Japan — November 15-17, 2006 — p64/81

Analysis of the algorithm
]

» How much worse than the optimal dominating set can
the solution produced by this algorithm be?

» The set U output by the algorithm consists of disjoint
disks.

# The optimal solution also needs to dominate all disks in
u.

» How many disks in ¢/ can one disk D from the optimal
solution dominate?

]

— November 15-17, 2006 — p64/81

Analysis of the algorithm
]

» How much worse than the optimal dominating set can
the solution produced by this algorithm be?

» The set U output by the algorithm consists of disjoint
disks.

# The optimal solution also needs to dominate all disks in
U.
» How many disks in ¢/ can one disk D from the optimal
solution dominate?
VR
)
Atmost 5: \_ N
/N _/
\ N \\
L A

. Erlebach — Approximaion aigor Auturmn 1o, Seto, Achi,

15-17,2006 — p&4/81

-

Simple approximation results

B

The algorithm outputs the set |/|, and the optimal solution
has size at least |/|/5.

]

1617, 2006 - p65/81
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Simple approximation results

[ ]

The algorithm outputs the set ||, and the optimal solution
has size at least |/|/5.

Theorem (Marathe et al., 1992)
This simple greedy algorithm is a 5-approximation algorithm
for MDS in unit disk graphs.

L ]
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Simple approximation results

[ ]

The algorithm outputs the set |/|, and the optimal solution
has size at least |/|/5.

Theorem (Marathe et al., 1992)
This simple greedy algorithm is a 5-approximation algorithm
for MDS in unit disk graphs.

Theorem (Marathe et al., 1992)
There is a simple 10-approximation algorithm for MCDS in
unit disk graphs.

L ]
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Simple approximation results

[ ]

The algorithm outputs the set ||, and the optimal solution
has size at least |/|/5.

Theorem (Marathe et al., 1992)
This simple greedy algorithm is a 5-approximation algorithm
for MDS in unit disk graphs.

Theorem (Marathe et al., 1992)
There is a simple 10-approximation algorithm for MCDS in
unit disk graphs.

Remark: There are also fast distributed approximation
algorithms for dominating set problems in unit disk graphs
or general graphs. (Gao et al., 2001, Kuhn & Wattenhofer,

| 2005) ]

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p 65/81

Known dom. set approximations

# In arbitrary graphs, ratio ©(logn) is best possible T
(unless P = NP) for MDS, MWDS, MCDS and MWCDS.
[Feige '96; Arora and Sudan '97; Guha and Khuller '99]

o For MDS in unit disk graphs, a PTAS can be obtained
using the shifting strategy [Hunt Il et al., 1994]:

s Any maximal independent set is a dominating set.

» Therefore, the smallest dominating set in a
constant-size square can be found in polynomial
time by enumeration.

» PTAS for MDS in unit disk graphs without
representation [Nieberg and Hurink, 2005]

» PTAS for MCDS in unit disk graphs [Cheng et al., 2003]
L # Question: MWDS and MWCDS in unit disk graphs? J

T Erlebach - Jgorithms f .y Avtumn —November 15-17, 2006 — p66/81

Shifting strategy doesn’t seem to work

fMWDS can be arbitrarily large for unit disks in an area of T
constant size:

RN

small weight | large weight

A
\_/

L‘"‘ Brute-force enumeration does no longer work. J

. Erlebach — for graphs ~ NHC ithms — 1o, Seto, Aich, Japan — November 15-17, 2006 —p67/81

Constant-Factor Approximation

[ ]

Theorem (Ambiihl, E, Mihal’ak, Nunkesser, 2006) There
is a constant-factor approximation algorithm for MWDS in
unit disk graphs.

Ideas:

# Partition the plane into unit squares and solve the
problem for each square separately.

» In each square, reduce the problem to the problem of
covering points with weighted disks.

» Use enumeration techniques (guess properties of OPT)
and dynamic programming to solve the latter problem.

The constant factor is 72.

L ]
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The subproblem for each square

[ ]

» Find a dominating set for the square:
» Let Dy denote the set of disks with centerina 1 x 1
square S.
s Let N(Dg) denote the disks in Dg and their
neighbors.
s Task: Find a minimum weight set of disks in N(Dg)
that dominates all disks in Dg.

L ]
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The subproblem for each square

[ ]

» Find a dominating set for the square:

» Let Dg denote the set of disks with centerina 1 x 1
square S.

s Let N(Dg) denote the disks in Dg and their
neighbors.

» Task: Find a minimum weight set of disks in N(Dg)
that dominates all disks in Dg.
» Reduces (by guessing the max weight of a disk in OPTg)
to covering points in a square with weighted disks:
s Let P be asetof pointsina i x 1 square S.
s Let D be a set of weighted unit disks covering P.
» Task: Find a minimum weight set of disks in D that
L covers all points in P. J

T Erlebach I geometric hool on Discrete Seto, Seto, Al 1517, 2006 - p69/81

Covering points by weighted disks

1. Erlebach — Approximaion aigor Auturmn ihms — 1o, Seto, Achi, Japan — November 15-17, 2006 — p.70/81

Covering points by weighted disks

Remark. O(1)-approximation algorithms are known for
unweighted disk cover [Bronninmann and Goodrich, 1995].

T Erlebach I geometric —November 15-17, 2006 - p70/81

Polynomial-time solvable subproblem

[ ]

» Given a set of points in a strip, and a set of weighted
unit disks with centers outside the strip, compute a
minimum weight set of disks covering the points.

]

. Erlebach — Approximation aigor Auturmn 10, Selo, Achi, 15-17. 2006 - p71/81

Dynamic programming

[ ]

» \Vertical sweepline, table entry for every pair of disks
that could be on the lower and upper envelope:

T Erlebach I geometric hool on Discet Seto, Seto, Alch 1517, 2006 - p72/81
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Main cases: One hole or many holes

-

One-hole case:

B

Many-holes case:

Enl :
Enlarged: nlarged

n
L ]

T, Eriebach — for graphs ~ NHC 1o, Selo, Achi, 1517, 2006 ~p73/81

Sketch of the one-hole case

I ]

Step 1: Guess the four “corner points” of the optimal
solution (each of them is defined by two disks).

L ]

T Erlebach - Approdmation algorithms for geometric Autumn School on Discrets , Seo, Ach 16-17. 2006 - p74/81

Sketch of the one-hole case

I ]

Step 2: Two regions that can only be covered with disks
whose centers are to the left or right of the square.

]

1o, Seto, Aich, Japan — November 15-17, 2006 —p 74/81

Sketch of the one-hole case

I ]

Step 3: Remaining area can only be covered with disks
whose centers are above or below the square.

L

T Erlebach - Approdmation algorithms for geomels Autumn School o Discrets

]

—November 15-17, 2006 — p74/81

Summary: MWDS in unit disk graphs
[ B

» Partition the plane into unit squares and solve the
problem for each square separately. (We lose a
constant factor compared to OPT.)

» For each square, reduce the weighted dominating set
problem to a weighted disk cover problem.

» Distinguish one-hole case and many-holes case.

» In each case, we have a 2-approximation or optimal
algorithm for covering points in the square with
weighted unit disks.

» This implies the constant-factor approximation
algorithm for MWDS in unit disk graphs.

L ]
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Weighted Connected Dominating Sets

fTheorem. There is a constant-factor approximation T
algorithm for MWCDS in unit disk graphs.

Algorithm Sketch:

» First, compute an O(1)-approximate MWDS D.

# Build auxiliary graph H with a vertex for each
component of D, and weighted edges corresponding to
paths with at most two internal vertices.

» Compute a minimum spanning tree of H and add the
disks corresponding to its edges to D.

We can show: The total weight of the disks added to D is at

most 17 - OPT, where OPT is the weight of a minimum

weight connected dominating set. The overall

approximation ratio is then 72 + 17 = 89. J

. Erlebach - Approxmation algorithms for geomets Autumn School on Discrets . Selo, Achi 1517, 2006 - p76/81

— 500 —




Further results on MDS and MWDS
—

Theorem. [E, van Leeuwen 2006] For disk graphs with
bounded ply, there is a (3 + ¢)-approximation algorithm for
MWDS.

Theorem. [E, van Leeuwen 2006] For rectangle
intersection graphs, MDS is APX-hard.

Theorem. [E, van Leeuwen 2006] For intersection graphs
of “squares with bumps” (or even for similar, convex
objects), MDS cannot be approximated with ratio o(log n)
unless P = NP.

L

. Erlebach - Approximaion algor Auturmn to, Seto, Alchi,

B

]

15-17. 2006 - p77/81

Open Problems

L ]

T Erlebach I geometric ool on Discret . Selo, Achi 1617, 2006 - p78/81

Disk graphs
-

» Improve running-time and/or approximation ratio for
MWDS in unit disk graphs.

L

1. Erlebach - Approximaion algor Auturmn ihms —

B

]
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Disk graphs

[ ]

» Improve running-time and/or approximation ratio for
MWDS in unit disk graphs.

» |s there a PTAS for MDS in disk graphs with bounded
ply?

I jeometric hool on Discret 0, Alch

— November 15-17, 2006 ~p79/81

Disk graphs
-

» Improve running-time and/or approximation ratio for
MWDS in unit disk graphs.

» |s there a PTAS for MDS in disk graphs with bounded
ply?

» What is the best possible approximation ratio for
minimum dominating set in general disk graphs:

L

. Erlebach — Approximaion aigor Auturmn to, Seto, Alchi,

B

]

15-17. 2006 - p79/81

Disk graphs

[ ]

» Improve running-time and/or approximation ratio for
MWDS in unit disk graphs.

» |s there a PTAS for MDS in disk graphs with bounded
ply?

» What is the best possible approximation ratio for
minimum dominating set in general disk graphs:

s Is there an O(1)-approximation algorithm or even a
PTAS?

L ]

1617, 2006 - p79/81
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-

Disk graphs

» Improve running-time and/or approximation ratio for
MWDS in unit disk graphs.

» |s there a PTAS for MDS in disk graphs with bounded
ply?

» What is the best possible approximation ratio for
minimum dominating set in general disk graphs:
s s there an O(1)-approximation algorithm or even a

PTAS?

s s the problem APX-hard?

graphs - NHC 1o, Selo, Achi,

B

]

1517, 2006 ~p79/81

Disk graphs

[ ]

» Improve running-time and/or approximation ratio for
MWDS in unit disk graphs.

» |s there a PTAS for MDS in disk graphs with bounded
ply?

# What is the best possible approximation ratio for
minimum dominating set in general disk graphs:

s Is there an O(1)-approximation algorithm or even a
PTAS?
s Is the problem APX-hard?

» What is the complexity of the maximum clique problem
in disk graphs?
(polynomial for unit disk graphs [Clark et al., 1990],
NP-hard for ellipses [AmbUhl, Wagner 2002])

L

T Erlebach - Approdmation algorithms for geometric Autumn School on Discrets

16-17. 2006 - p79/81

-

Rectangle intersection graphs

» What is the best possible approximation ratio for
maximum independent set?

B

]

1o, Seto, Aich, Japan — Novermber 15-17, 2006 —p 80/81

Rectangle intersection graphs

[ ]

» What is the best possible approximation ratio for
maximum independent set?

s Known: For every ¢ > 0, there is an approximation
algorithm with ratio 1+ £ logn. [Berman et al., 2001]

L

T Evlebach - Approdmaton aigorithms for

]

Autumn Schoo on Discrets —November 15-17, 2006 ~ p80/81

-

Rectangle intersection graphs

» What is the best possible approximation ratio for
maximum independent set?

s Known: For every ¢ > 0, there is an approximation
algorithm with ratio 1 + 1 logn. [Berman et al., 2001]

s Known: If all rectangles have the same height, there
is a PTAS. [Agarwal et al., 1998]

graphs ~ NHC ithms —

B

]

1o, Seto, Aich, Japan — November 15-17, 2006 — p80/81

Rectangle intersection graphs

[ ]

» What is the best possible approximation ratio for
maximum independent set?
s Known: For every ¢ > 0, there is an approximation
algorithm with ratio 1 + % logn. [Berman et al., 2001]
» Known: If all rectangles have the same height, there
is a PTAS. [Agarwal et al., 1998]

» Can we achieve approximation ratio o(log n) for MDS
and MWDS?

L

T Erlebach - Approdmaton algorithms for

]

Autumn School on Discrets 1517, 2006 - p80/81
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-

L

. Erlebach - Approximaion algor Auturmn to, Seto, Alchi,

Rectangle intersection graphs

» What is the best possible approximation ratio for
maximum independent set?
s Known: For every ¢ > 0, there is an approximation
algorithm with ratio 1 + 1 logn. [Berman et al., 2001]
s Known: If all rectangles have the same height, there
is a PTAS. [Agarwal et al., 1998]

» Can we achieve approximation ratio o(logn) for MDS
and MWDS?

» Can rectangle intersection graphs be colored with O(w)

colors, where w is the clique number?
(best known upper bound: O(w?) colors [Asplund and
Griinbaum, 1960])

15-17,2006 — p80/81

] [

] L

Thank you!

]

1617, 2006 - p81/81
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Approximation Techniques
for Coloring Problems

Magnus M. Halldérsson
University of Iceland

NHC Autuma School, 16 Nov 2006

‘ Focus

= How well can we color graphs?

= How can we color graphs reasonably
well?

= What are the techniques that we know?

NHC Autumn School, 16 Nov 2006

| Philosophy / Motivation

= lllustrate the wide span of coloring questions
m Introduce results ready for improvement

o Some classical results

o Some recent work

NHC Autumn School, 16 Nov 2006

‘ Topics

1. (Ordinary) Graph Coloring

2. Color Saving & k-Set Cover

3. 1S in Hypergraphs

4. Scheduling with Conflicts

5. Coloring Bounded-degree Graphs

NHC Autumn School, 16 Nov 2006

| Techniques

= Greedy algorithms

» Local search & Semi-local search

= Semi-definite programming

= Partitioning & Randomized partitioning
= Other

NHC Autumn School, 16 Nov 2006

Part I:
Classical Graph Coloring

A blast from the past

NHC Autumn School, 16 Nov 2006




| Graph Coloring ' Chromatic Number
x(G) =3
NHC Autumn School, 16 Nov 2006 NHC Autumn School, 16 Nov 2006 8
‘ Notation ‘ Performance ratio

= %(G) : Chromatic number, minimum number
of colors needed to color graph G

= A(G) : Maximum degree of a vertex in G
= n: Number of vertices in G

NHC Autumn School, 16 Nov 2006 9

= We are interested in algorithms that have
guaranteed good behavior.

= Want the number of colors used to be “close”
to the optimum number.

» Performance ratio of algorithm A is the
function

9 pa(N) = MAXG on n vertices X(G)A(G)

NHC Autumn School, 16 Nov 2006 10

| General graphs : Trivial bounds

= Gis 1-colorable : Easy

m G is 2-colorable : Easy (linear time)
= So, we may assume y (G) > 3.

= But, A(G) <n, for any algorithm A

n/3-approximation, if we test for 2-
colorability

NHC Autumn School, 16 Nov 2006 11

| Bounded-degree graphs: Trivial bound

= No algorithm needs to use more than A+1
colors

= (A+1)/3 — performance ratio

NHC Autumn School, 16 Nov 2006 12
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Online algorithm

First-Fit Algorithm

First-Fit: !
:Pr'ocess the vertices in arbitrary order: |
| Assign each vertex the smallest possible color |

= ey

NHC Autumn School, 16 Nov 2006 13

| Coloring & Independent Sets

Observation: Each

color class is an
independent set

NHC Autumn School, 16 Nov 2006

| Coloring by Finding Independent Sets

= A natural approach to coloring is to focus on
finding large independent sets

| Coloring-by-Excavations (schema):
i While the graph is not empty do
Find a large independent set

Use a new color on those vertices

|

NHC Autumn School, 16 Nov 2006 15

Remember, IS
problem is also NP-
hard

‘ How Good is Excavating?

exact IS algorithm for excavating

log n —approximation for coloring

NHC Autumn School, 16 Nov 2006 16

‘ Excavation for Weaker Approximations

f(n)-approximation for IS, f(n) = Q(Vn)

—

O(f(n)) —approximation for coloring

ot liad 1t

NHC Autumn School, 16 Nov 2006 17

‘ Proof of excavation lemma

Count how many colors we need to halve the size of
the graph

x f(n) colors needed to reduce vertices to n/2

o There is a color of size at least (n/2)/y,

o IS algorithm finds one of size (n/2)/(y f(n))

% f(n/2) needed reduce vertices to n/4

Total of y (f(n) + f(n/2) + ... + f(n)) colors

Geometric sequence, equals O(y f(n)),
since f(n) = Q(Vn)

NHC Autumn School, 16 Nov 2006
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‘ Modified goal

= Finding large independent sets in k-colorable
graphs

NHC Autumn School, 16 Nov 2006 19

| Greedy IS (Johnson *74)
\GreedyIs : l
I While the graph is not empty do i
| Add a vertex of minimum degree to solution:
I Remove its neighbors I
Claim: There is always a vertex v with at least n/y-1
non-neighbors

G

NHC Autumn School, 16 Nov 2006 20

Greedy IS (Johnson 74)

\GreedyIS : :

:Whlle the graph is not empty do |
Add a vertex of minimum degree to solution|

Remove its neighbors [

Claim: There is always a vertex v with at least n/y-1
non-neighbors

G

oV X=4

NHC Autumn School, 16 Nov 2006 21

| Greedy IS (Johnson *74)

IGreedyIS |
:Whlle the graph is not empty do i
Add a vertex of minimum degree to solu‘rion:

|

|
| Remove its neighbors

Claim: There is always a vertex v with at least n/y-1
non-neighbors

Claim: After t iterations, at least n/)(t vertices remain

:> GreedylS finds at Iogx n size IS
Performance ratio: %/ log, n < nIglg n/lg n

NHC Autumn School, 16 Nov 2006

‘ Equivalent Greedy Pick vertex with fewest
Coloring Algorithm uncolored neighbors
and color it with
m smallest available color
1234

NHC Autumn School, 16 Nov 2006 23

| Wigderson: 3-colorable graphs

Apply First-Fit on G

g

g

| \n colors on G | vn-sized IS |

N %

| Progress towards Vn-approximation |

NHC Autumn School, 16 Nov 2006 24
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| Wigderson: k-colorable graphs

[ WV, d(v) < nik-2)(k1) ]

Apply First-Fit on G

g

(k-1)-color N(v)

i

nk-2)k-1) colors on Progress towards
IN(V)|k-3(k-2)

approximation

N/

| Progress towards n(k-2/(k-1) -gpproximation

NHC Autumn School, 16 Nov 2006

| Berger-Rompel

Claim: There is always a vertex set S with
N[S] = |[VI/x
True for any set in 1, the largest color class
Progress towards |S| log, n-approx.

G

NHC Autumn School, 16 Nov 2006 26

| Berger-Rompel

The number of k-sets S in | is at least (”/lj
k

NHC Autumn School, 16 Nov 2006

’ Berger-Rompel

The probability that a random k-set is in I:

This is 1/poly(n) when k = log, n
In polynomial time, find a good log, n-set.

NHC Autumn School, 16 Nov 2006

’ Berger-Rompel

In polynomial time, can find a good log, n-set S:
- S is independent
- S has at least n/y non-neighbors

Recursively apply the search on G[V ¥ N(S)]

NHC Autumn School, 16 Nov 2006

29

| Berger-Rompel

Size of solution:
f(n) =log, n + f(n/y)
Or, f(n) = (log, n)%2

[Actually, f(n/y-log, n)]

NHC Autumn School, 16 Nov 2006 30
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| Another view of Johnson’s method

= We can find a vertex that behaves like a
vertex in a maximum IS

o Property: The vertex has many non-neighbors
= Because the graph is y¢-colorable, we can

apply this property recursively

o Gives a log, n size solution

NHC Autumn School, 16 Nov 2006 31

‘ Another view of the B&R method

= We canfind a log, n -vertex set that behaves
like a subset a maximum IS

o Property: The set has many non-neighbors

= Because the graph is y-colorable,
we can apply this property recursivel
a Can do log, n rounds.
o Gives a (log, n)¥/2 size IS

NHC Autumn School, 16 Nov 2006

Performance ratios for Graph Coloring

P 4 == Johnson
1 == Wigderson
nIglg? n/1g2 n
nlglg® n/Ig® n /\
! ! ! J
T T T T | X
\Nign Ign/igign  Ign Ig2 n
Ig n/(Iglg n)?
NHC Autumn School, 16 Nov 2006 33

‘ Overview of Upper Bounds

= Johnson 74
= Wigderson ‘81
m Berger&Rompel 90

n/lg n
n (Iglg n/lg n)?
n (Iglg n/lg n)3

= Halldorsson ‘91 n Iglg? n/igé n
= Best possible: n/ polylogn ?
NHC Autumn School, 16 Nov 2006 34

| Improvement in [H *93], ¥=lg n/lglg n

= We can find a log, n -vertex set that behaves like a
subset a maximum IS 1

a Property: The set has at least n/y non-neighbors

o Ifit has << n non-neighbors, then we can use an
approximation algorithm for IS ﬁ

G

NHC Autumn School, 16 Nov 2006 35

| Improvement in [H 93], ¥=1g n/lglg n

= We can find a log, n -vertex set that behaves like a
subset a maximum IS
o Property: The set has at least n/y non-neighbors

o Ifit has << n non-neighbors, then we can use an
approximation algorithm for IS

= Because the graph is y-colorable,
we can apply this property recursively
o Can do log n rounds
o Givesalogn (log, n)%/2 size IS

NHC Autumn School, 16 Nov 2006
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| Clique Removal: Case a (G) > n/3

Is GIN(V)]
independent?

Color G with Vn

| Found Vn-sized IS |

NHC Autumn School, 16 Nov 2006

| Clique Removal: Case a (G) > n/k

Remove it!

[ Ramsey(G[N(v)], k-1) l

Color G with
n'(<1) colors

| Found n'-1)-sized IS | | Found a K,
Eventually finds a ::>
O(kn"/)-sized IS p= 1709

NHC Autumn School, 16 Nov 2006 38

Performance ratios for Graph Coloring

P 4 == Johnson
1 = Wigderson
T — B&R

— H
nlglg? n/Ig?n
nlglg® n/Ig®n /\
nlglg? n/Ig3 n /\
I . I I | X
\ign Ign/igign  Ign Ig2 n

Ig n/(Iglg n)?

NHC Autumn School, 16 Nov 2006

TL.ower Bounds

= Sequence of impressive and often seminal
work on interactive proof systems

= Current best lower bound: /2"
o [Khot, Panduswami '06; Zuckerman ’05]
o Relates to approximability of LabelCover

= The most promising approach:
o Lovasz’ theta number & SDP

3/4-¢

NHC Autumn School, 16 Nov 2006 40

‘ Open questions

= Improve the long-standing upper bound
o | have no special suggestions
o Core issue: log n-colorable graphs

= |s the 68(n/polylog n) conjecture for the best
possible performance ratio of Graph Coloring
true?
o True for some restricted variants, like online

coloring

NHC Autumn School, 16 Nov 2006 41

Part 11I:
Color Saving

Coloring as a SetCover problem
Pushing the “local” in “local search”

[Duh, Furer, 1996]

NHC Autumn School, 16 Nov 2006
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Color Saving: Maximizing the number of

“unused” colors

= If a coloring uses ALG colors, there are
n-ALG “potentially unused” colors saved.

= Optimization identical to Graph Coloring

o Differential approximation ratio
p = (n-x)/(n-ALG)

NHC Autumn School, 16 Nov 2006 43

‘ Easy 2-approximation

m Use at least 2 vertices per color, when
possible

a If A, = # color classes with a single vertex
0 A< a(G) < 4G)

» Performance analysis
o #colors used < A, + (n- A,)/2

p< n—y n—A4 -
" n—#colors  n—A,—(n—4,)/2

NHC Autumn School, 16 Nov 2006 44

‘ Better Ratios for Color Saving

= We want 3-sets!
o Suppose there are no 4-independent sets.
= Our problem now reduces to the following:

o Find the smallest collection of independent
sets of size 1, 2, 3, that covers all vertices.

o Form a set system S over the ground set V:
= S contains a set for each independent set in V
o We seek a minimum set cover of S
= k-Set Cover: Sets of size at most k.

NHC Autumn School, 16 Nov 2006 45

| Graph & System of 3-1Ss

= V={a,b,c,d,e,f,g,h}
= S={acf,acg,afh,
bdh,bfh,cde,cdg,
cef,deh,efh}
o & its subsets

NHC Autumn School, 16 Nov 2006 46

Graph & System of 3-ISs

= V={a,b,c,d,e,f,g,h}
= S={acf,acg,afh,
bdh,bfh,cde,cdg,
cef,deh,efh}
o & its subsets

NHC Autumn School, 16 Nov 2006 47

| Disjoint Set Cover

= Itis convenient for us to assume that the set system
is monotone:

o IfsetSisin E, then S’ is alsoin E, for S’ = S.

o E.g.ifabc={a,b,c} € E, then a, b, ¢, ab, ac, bc € E
= Whenever one of the new set is used, we can

replace it in the actual solution with a superset

= Increases instance by a factor at most 6

= Now, may assume the solution is disjoint, i.e.
a partition of S.

NHC Autumn School, 16 Nov 2006 48
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Minimum 3-Set Cover

= Given:
o Set S of base elements
o Set E of subsets of S, each of size at most 3

= Example: E={abc,def,ghi, adg, be, cf, hi}

(@ i@ @)
(®
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| Greedy for 3-SC

= Greedy has approximation ratio
Hy=1+%+1/3=11/6

NHC Autumn School, 16 Nov 2006 50

‘ 2-Set Cover (= Edge Cover)

= If the sets are of size at most 2, then what we
have is a graph with self-loops

o A 2-setis an edge, a 1-set is a self-loop
= Solve by reduction to maximum matching:
o Select edges of a maximum matching

o Cover other vertices using self-loops or add’l
edges

NHC Autumn School, 16 Nov 2006 51

Using exact solution of 2-SC to help

solving 3-SC

= Suppose we have fixed the 3-sets that we
use in a solution.

= Then, we can find an optimal collection of 1-
sets and 2-sets to cover the remaining
elements.

NHC Autumn School, 16 Nov 2006

‘ Generic local improvement method

S « initial starting solution (obtained elsewhere)
while (3 small improvement I to S) do

S « solution obtained by applying Ito S
output S

A solution that has gone through local search is said to
be locally optimal (with respect to the
improvements applied)

Issues:

- What is an improvement? (Problem specific)

~—How do we find the improvement? (Search)

NHC Autumn School, 16 Nov 2006 53

Semi-local optimization for 3-SC

Only the 3-sets in the solution stay fixed.
A (s,f)-change consists of:
o Adding up to s 3-sets
o Removing up to t 3-sets
o Finding an optimal 2-set cover of the remaining elts
Objective function:

= A) Minimize the number of sets in solution, or

= B) Minimize the number of 3-sets in the solution
(s.t)-improvement: An (s,t)-change with improved
objective
o Fewer A), or equal A) and fewer B)

NHC Autumn School, 16 Nov 2006

- 512 —




‘ Main result for 3-SC

m Theorem [Duh,Furer]:
no (2,1)-semi-local improvement
=
4/3-approximation

NHC Autumn School, 16 Nov 2006

‘ Notation

m A : Algorithm’s (2-opt) solution

= B : “Best” (optimal) solution

= A, : “The collection of i-sets in A, for i=1,2,3
= B, : “The collection of i-sets in B, for i=1,2,3
=a,=|Al, b =B

B A

NHC Autumn School, 16 Nov 2006 56

‘ Proof outline

= We will derive a few bounds on the sizes of
the solution parts.

o Obs1: a;+2a,+3a;=b;+2b,+3b; =S|
o Lemma 2: a,< b,
o Lemma 3: a;+a, £ by+b,+ b,
= By adding the inequalities,
3a,+3a,+3a; < 3b;+3b,+4 b,
we get the theorem:
|A| £ 4/3 |B|

NHC Autumn School, 16 Nov 2006

‘ Observation 1:

ma,+2a,+3a;=b,+2b,+3b; =[]
u Count the number of elements in each set
o Each solution is a disjoint set cover

golo
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| Comparison graph

= A bipartite graph (A, B, X), where
o the vertices on either sides correspond to the
sets in A and B, respectively
o Edge between two sets that overlap (multiple
edges if they overlap in many elements)

NHC Autumn School, 16 Nov 2006

A component of comparison graph

containing an A; —node:

= We shall show that it must have some
restricted properties

= Cannot contain an A; node or another A,

= Must have a matching A;-node

NHC Autumn School, 16 Nov 2006 60
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Component containing an A; —node
cannot contain an Az —node

= A path from A, -node to A; —node via B,, B; A
o Uses only 2 elements from each B; -node

= Reduces 3-sets  (0,1)-improvement

NHC Autumn School, 16 Nov 2006 61

Component containing an A; —node
cannot contain another A; —node

= A path from A, -node to another A;-node.

B, B, B
= Replace:
A&A, B,
o Covers the same
o Fewer sets
A1A2A2 AZ Al

= & (0,0)-improvement

NHC Autumn School, 16 Nov 2006

Lemma 2:

= Component containing an A; —node is a tree.
o Root: The A; —node
o Internal nodes of degree 2: A, & B, —nodes
o Internal nodes of degree 3: B; —nodes
o Leaves: B;—nodes
= Therefore,
a,;<b,

Ay

NHC Autumn School, 16 Nov 2006

| Auxiliary graph

= Graph G= (B, A-Aj3)
o Vertex for each set in B
u Edge foreach setin A- A; = A+ A,
» Thus, there is an edge between two sets in B,

if there is an A,-set that contains elements
from both of them

NHC Autumn School, 16 Nov 2006

‘ Binocular
\
@ %

3-sets

e

Semi-Local (1,0)-Improvement

3

8

Semi-Local (2,0)-Improvement

= A binocular is a subgraph that contains more
than one cycle

NHC Autumn School, 16 Nov 2006

/\/\ )

g
J (e

‘/K \ o
Semi-Local (1,0)-Improvement

‘ Lemma 3

N

Semi-Local (2,0)-Improvement

= Auxiliary graph with a binocular
(2,1)-improvement
= = #edges in each component <
= Namely,
o ajta, < bjtby,+tbg

#vertices

NHC Autumn School, 16 Nov 2006 66
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‘ Proof summary

= We derived 3 inequalities:
o Obs1: a;+2a,+3a;=b;+2b,+3b;
o Lemma 2: a;< b,
o Lemma3: a;+a, < by+b,+ b,

= Adding the inequalities,

3a,+3a,+3a; < 3b;+3b,+4b,
we get a strengthening of the theorem:
|3]AI<4|B|-b,~b, |

' Back to Color Saving:
Assume G contains no 4-independent set

= Here:
a|S|=n=b;+2b,+3 b,
o B =y, A = #colors (used by algorithm)
= We have:
o 5n-5b = 2(3n-4b+b,+b,) + (3b-2b,+b, -n)+ b,
>2(3n—-3a)+0+0
= So,
o (n-chi)/(n-#colors) = (n-b)/(n-a) < 6/5

NHC Autumn School, 16 Nov 2006

Color Saving ® | Summary
® ®
= For graphs with 4-IS and larger @ = Semi-local search: Matching + LS

o We greedily color 4-sets as possible.
o For each such set
= Algorithms saves 3 colors
= Optimal solution saves at most 4 colors
= Ratio of 4/3.
» Refined analysis of Duh/Furer:
o Ratio 360/289 ~ 1.246

NHC Autumn School, 16 Nov 2006

o 4/3-ratio for 3-Set Cover
a H, - 3 for k-Set Cover, using greedy rounds
o 360/289-ratio for Color Savings
= Open questions
a Improve the ratio H, - %
= Combine Greedy rule with local search

NHC Autumn School, 16 Nov 2006

Part III: Independent Set in
Hypergraphs

How good is greediness for another
SetCover equivalent

[H, Elena Losievskaja, 2006]

NHC Autuma School, 16 Nov 2006

‘ Definitions
A hypergraph H is a pair (V,E):

V is a discrete set of vertices,
E is a collection of subsets of V,
or (hyper)edges.

Graphs are hypergraphs
with all edges of size 2.

Degree of a vertex v is the
number of incident edges:
div)={eeE:veel

3%0

NHC Autumn School, 16 Nov 2006
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‘IndependentSet

A (weak) independent set in a hypergraph is a subset of
vertices that contains no edge.

NHC Autumn School, 16 Nov 2006

‘IndependentSet

A (weak) independent set in a hypergraph is a subset of
vertices that contains no edge.

N4
NHC Autumn School, 16 Nov 2006 74

‘IndependentSet

A (weak) independent set in a hypergraph is a subset of
vertices that contains no edge.

‘IndependentSet

A (weak) independent set in a hypergraph is a subset of
vertices that contains no edge.

[/ olo] . )
Not an independent set Size =6
[ J
[°/ ]
A\
NHC Autumn School, 16 Nov 2006 NHC Autumn School, 16 Nov 2006 76

‘IndependentSet

A (weak) independent set in a hypergraph is a subset of
vertices that contains no edge.

‘IndependentSet
The problem of finding maximum independent set is strongly
related to several other important problems:

Hitting Set &= Independent Set
Hitting Set problem:

} given a hypergraph,
Size =17 find the smallest subset of vertices that covers every edge
Independent
v ’ Set
A , Hitting Set
NHC Autumn School, 16 Nov 2006 NHC Autumn School, 16 Nov 2006
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‘ Hitting Set = Set Cover

Set Cover problem:
given a universe of elements and a collection of sets,

find the smallest subcollection of sets that covers every element in
the universe

Che)

o>

/ ‘ / vertex <> set
HS ‘w SC

In terms of exact optimization all three problems, Independent Set,
itti e equivalent,

HS < SC
edge <> element

NHC Autumn School, 16 Nov 2006

‘ GreedyMAX

1. Select a vertex of maximum degree

NHC Autumn School, 16 Nov 2006 80

‘ GreedyMAX

2. Add the vertex to the cover S

‘ GreedyMAX

3. Delete the vertex along with all incident edges

NHC Autumn School, 16 Nov 2006
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‘ GreedyMAX

3. Delete the vertex along with all incident edges

©)

©)
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‘ GreedyMAX

3. Delete the vertex along with all incident edges

©)
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‘ GreedyMAX

3. Delete the vertex along with all incident edges

©)
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‘ GreedyMAX

Iterate until all edges are deleted

W
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‘ GreedyMAX

lterate until all edges are deleted

NHC Autumn School, 16 Nov 2006 87

‘ GreedyMAX

Iterate until all edges are deleted

“
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‘ GreedyMAX

Iterate until all edges are deleted
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‘ GreedyMAX

Iterate until all edges are deleted

i

NHC Autumn School, 16 Nov 2006 90
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‘ GreedyMAX

Iterate until all edges are deleted

‘ GreedyMAX

The vertices in S form a hitting set (cover)

([
© 4 ©
°° v
O /\ '
O 6
NHC Autumn School, 16 Nov 2006 91 NHC Autumn School, 16 Nov 2006 92
 GreedyMAX 'GreedyMAX
The independent set | found is V-S, The independent set | found is V-S,
the vertices not in the cover S vertices NOT in the cover S
O
O
O
O

NHC Autumn School, 16 Nov 2006 93
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‘ GreedyMAX = GreedySetCover

(Vertex < set, edge <> element) — GreedyMAX = GreedySetCover.

The GreedySetCover algorithm:
iteratively selects a set that covers the largest number of uncovered elements.

i
)

<

NHC Autumn School, 16 Nov 2006 95

‘ GreedyMAX for Set Cover problems

Results on the greedy set cover algorithm:

= Performance ratio H,, = In n + 1 (Johnson; Lovasz)

= The best possible approximation algorithm for the Set
Cover problem (Feige 1998), within lower order terms

= The best possible for various related problems:

= Weighted Set Cover [Chvatal 1979]

= Sum Set Cover [Feige,Lovasz,Tetali 2004]

=  Test Set|[]

= Entropy Set Cover [Cardinal,Fiorini,Joret 2006]

NHC Autumn School, 16 Nov 2006 96
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‘ GreedyMAX

Differential approximation ratio of GreedySetCover: I
VH n—[S]
(i.e. we measure how many sets are not included in the cover)
n—|S*

Approximation ratio of GreedyMAX: = ¥ —
P Y PR TV amlsT

where I*, | —an optimal and greedy independent sets
S*, S — an optimal and greedy covers

Bazgan, Monnot, Paschos and Serriére[1]:
A A+
GreedySetCover: 13¢5-"<4~

Local search: p=Af !

NHC Autumn School, 16 Nov 2006

‘ GreedyMAX

Bazgan, Monnot, Paschos and Serriére 2005:

Main algorithm: GreedyMAX — a greedy cover;
Post processing: exclude redundant vertices from the cover
— a maximal greedy cover;
Analysis:
compare how optimal and greedy vertices cover the
edges in the hypergraph

S*NS

NHC Autumn School, 16 Nov 2006

Complicated analysis (sketch)

We started by extending the analysis of Bazgan et al:
Count incidences of all vertices from  S\S* S*\S , S*NS ,S*US
in all edges, obtaining edgesets E,, E,, E;

Use variables k, | € [0,1] and average degree of vertices to
express the dependence between S§\§*, S*\S, S*NS, S*US

Bound the approximation ratio by a single multivariable function:

- 1k k
bd)—E,~(1-)E; _Ef\ AE; +152j+ 7 (Ail)(AE:; +152j

=f(kddyd, |

p< T
b+m[AE3 +1£2]

NHC Autumn School, 16 Nov 2006

Complicated analysis (sketch)

Find the maximum of f(k.dy.d,] by
« using variables x, y, s € [0,1] to bound the
dependence between E,, E,, E;
+  expressing d,=g(A) ,d,=k(A)

b
. : ; ivati o o o o o
taking partial derivatives &, &, &, & e

Eventually, we obtain a tight ratio of pé%

Weaknesses:
« Proof too long and complicated
+ Requires post-processing phase to ensure maximality of IS

NHC Autumn School, 16 Nov 2006 100

‘ Simpler proof

A much simpler proof:

1. The “hardest” hypergraphs for GreedyMAX are ordinary graphs.

2. GreedyMAX in graphs has ratio pé%.

NHC Autumn School, 16 Nov 2006
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GreedyMAX
We “shrink” the hypergraph H to a graph G

NHC Autumn School, 16 Nov 2006 102
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‘ GreedyMAX

We “shrink” the hypergraph H to a graph G

V(G) = V(H) and |EG)| = |EH)|

NHC Autumn School, 16 Nov 2006 103

| Shrinkage properties

1. An optimal cover in G is at most of the same
size of an optimal cover in H

2. GreedyMAX constructs the same greedy cover
forHand G

NHC Autumn School, 16 Nov 2006 104

‘ Proof of shrinkage properties

Proof by induction on s, the number of iterations of GreedyMAX:
- Base case s =0 trivial.

- Let u, = the first vertex chosen by GreedyMAX,
E, = the set of edges incident on u;
H, = the remaining hypergraph after removing u; and E,

NHC Autumn School, 16 Nov 2006 105

‘ Rules for shrinking

To truncate a hyperedge e € E;:

- u; e S*NS — pick an arbitrary vertex v in e

U Y‘&é’ K
NG

- u;eS — pickavertexvin esuchthatv e S
Uy
%
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‘ Rules for shrinking

To truncate a hyperedge e € E;:

- Uy e S*NS — pick an arbitrary vertex v in e

eanp R
SEEANANYAN - csgtaasgae

vertex in S*

- U e S — pickavertexvine chtha@e S*

Uy
%
S* is still
a cover
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‘ Rules for shrinking

To truncate a hyperedge e € E;:

- uy e S*¥NS — pick an arbitrary vertex v in e

Y
‘,h Degree of u,
t '@’ - ‘% does not
‘ change

- u; e S — pick avertex vingsuch tha
still picks

Uy
ﬁ
u, first
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Greedy
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‘ GreedyMAX

- Inductive hypothesis: G, c H; with greedy cover S/{u,} and is
still covered by S*
- Have: G ¢ H, with V(G) = V(H) and E(G) = E(G,) L truncated E,

[ 3 e
° o °
° ° 5
[ ./ °
G, + E, = G

- S*covers all edges of G = SC(G) < SC(H)

- The edge shrinkage doesn’t decrease the degree of U,
= GreedyMAX still selects U, first and
outputs the solution {u;} U S{u4} =8

Corollary: Any hypergraph H can be shrunk to a graph G, for which

GreedyMAX has no better performance ratio.
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‘ Performance of GreedyMAX

Theorem: GreedyMAX in graphs has ratio pSAT“

Proof: We prove a slightly weaker bound.
« An optimal cover satisfies: —
Szmodn
A 2A
where n, m are the number of vertices and edges,
A andd are the maximum and average degrees

- GreedyMAX attains the Turan bound on graphs
[Chvatal,McDiarmid]:

110

hool, 16 Nov 2006

| Performance of GreedyMAX

- Combining

_n d
‘I‘ZJH ‘Sﬂzﬁ

- The performance ratio is at most

n—|S*| .n—d /2A

LB _(d+1)(1-d /2A
| ~ n/d+1) @+ )

p=max
vG

. which is maximized when d=A-1/2 , for the

performance ratio pg%ﬂ/&

NHC Autumn School, 16 Nov 2006

‘ Tight bounds on GreedyMAX

To get tight bounds, we need two refinements.
We introduce a parameters k € [0,1] and d'<A-1so that
d =kA+(1-k)d'

Also, we use an extension of the Turan bound, due to
Caro & Wei, and proved for GreedyMAX by
Sakai, Togasaki,Yamazaki 2003:

1 _kn L (=k)n

e % o
.
veVd(V)H A+l d'+1
. . . A+
This results in ratio  ,P<—-
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| Lower bound for GreedyMAX

The performance ratio of GreedyMAXis at least T+1
an —
& O
e "0
OPT=A +1 <
@ O
e
G dv-=2
Greedy

NHC Autumn School, 16 Nov 2006 113

‘ Summary

= The performance ratio of GreedyMax for IS in
hypergraphs is (A+1)/2
o Obtained by shrinking the hypergraph to a
graph, where GreedyMAX does no better
o Equivalent to differential performance ratio for
Set Cover
= One possible lesson: Once you have a proof,
find a better proof.

NHC Autumn School, 16 Nov 2006 14
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| Open problems

= Improve the best known bound of (A+1)/2
o SDP? Gives about A/lg A ratio for graphs
o Greediness combined with local search?

= Good lower bounds still missing

= Problem is easier in k-uniform hypergraphs
a AV ratio, obtained by GreedyMAX
o What other hypergraph properties help?

NHC Autumn School, 16 Nov 2006

Part 1V:
Scheduling with Conflicts

Coloring is a scheduling problem

[Guy Even, H, Lotem Kaplan, Dana Ron 2006]

NHC Autumn School, 16 Nov 2006

116

| Scheduling problems

= Given a fixed set of machines

= and a set of jobs to be run on the machines

= Normally, the scheduling problem is an allocation
problem, deciding which jobs to allocated to each
machine

NHC Autumn School, 16 Nov 2006

| When Coloring meets Scheduling

= Scheduling dependent tasks
o Jobs conflict in that they cannot be executed
simultaneously.
= Resource-constrained scheduling
o Large class of dependent task scheduling
o Resource:
= Dedicated processors
= Bandwidth, (e.g. session scheduling on a LAN)
= Memory, semiphores, etc.

NHC Autumn School, 16 Nov 2006
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‘ Resource Constrained Scheduling and
Conflict Graph

\
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‘ Resource Constrained Scheduling and
Conflict Graph

NHC Autumn School, 16 Nov 2006
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‘ Main Differences from Coloring

= Correspondence:

o time step - color

0 job/task - vertex

o task conflict - edge
= Jobs have lengths

o Lengths can be different

o Jobs are run uninterrupted (non-preemptive)
= Fixed number m of machines

o At most m vertices with each color

NHC Autumn School, 16 Nov 2006 121

‘ Problem Definition

= Given: Graph G, and vertex/job lengths p,
Number m of machines

m Find: A schedule of the jobs so that at any
given time,

= - at most m jobs are scheduled,

- no conflicting jobs are scheduled

= Minimize: The makespan of the schedule,

max, X, + p,

NHC Autumn School, 16 Nov 2006 122

‘ Example with m=3 machines

A Conflict Graph Non-preemptive

‘ Unit case == Each job of length 1

= Equivalent to a version of the k-Set Cover

5 schedule problem
6 o Each item v to be covered p, times
2 L5 o Make p, identical copies of each element
agg (vertex)
3 g 2 o Each set of size k=m
1 . . .
3 = Exercise: Show equivalence, assuming p,
2 Machines constant
1
| Example with m=3 machines A Greedy Algorithm

A Conflict Graph Compact schedule

2

-

— N W A0

Time steps

2 Machines

NHC Autumn School, 16 Nov 2006

= Among the remaining jobs, pick the one that
can be scheduled earliest

o And fix its schedule

NHC Autumn School, 16 Nov 2006
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| Tettis-like view . A 1
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= 2
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‘ Performance Evaluation

= Any non-trivial algorithm has ratio < m.

= The greedy coloring achieves a (m+1)/2 ratio
o And this is tight

= |dea of the analysis:

o Show that in most time steps, the algorithm
schedules at least 2 jobs

o Optimal solution schedules at most m jobs in
each time step

NHC Autumn School, 16 Nov 2006

‘ Analysis

= Count the time steps
spent by algorithm
a ALG = A, +A,
o A, = #time steps with
only one job scheduled
o A, = #time steps with
at least two jobs

—NWhRUA

OPT = #time steps in optimal solution
Ops = total # operations = %, x,
OPT > Ops / m.

NHC Autumn School, 16 Nov 2006 130

| Analysis cont.

At least 2 non-A,
operations in each
A, step

= Notice:
ALG <A, + (Ops - A;)/2 < (A, + Ops)/2

Need to show that A, is not too big

NHC Autumn School, 16 Nov 2006 131

| Analysis cont.

= Claim: Any two jobs in A; must conflict

o After one of them was fixed, the other was one
NOT scheduled alongside the first one

= Thus, OPT > A,

OPT performs at
most m operations
in each ste

= Conclusion:
ALG < (A, + Ops)/2 < (OPT + m*OPT)/2

NHC Autumn School, 16 Nov 2006 132
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| Open questions:

= Improve the (m+1)/2-approximation
u |s there a (nearly) linear lower bound?
o Applies to many multicoloring questions

NHC Autumn School, 16 Nov 2006 133

Part V:
Bounded-degree graphs

Simple partitioning

[H, Lau, 1995]
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‘ Coloring of bounded-degree graphs

= Simple algorithm gives [ (A+1)/4] ratio
o Partition graph into subgraphs of degree 3
o Solve each subgraph optimally

= Asymptotically better algorithm using SDP
o Semi-definite programming
o O(AV(:-") log n) ratio

NHC Autumn School, 16 Nov 2006 135

‘ Coloring General Graphs

© Break the graph into n/ log n sets of log n vertices each.
® Solve each subgraph exhaustively.

logn

nflog n
Breaking a graph into n/ log n. sets of size log n each
Complexity:
n/logn - 298" log? n = n?logn.

Result:  n/logn-approximation ratio
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Easy coloring of bounded-degree graphs

G bipartite?

Yes:y <2

[ Color G optimally ] [ Use < A+1 colors ]

g

p=1 p < (A+1)/3
p < (A+1)/3
NHC Autumn School, 16 Nov 2006 137

| Simple Partitioning Argument

= Suppose we break a graph (partition the vertices)
into t parts, and solve each part optimally.

= Then, the combined solution is a t-approximation for
coloring the original graph

NHC Autumn School, 16 Nov 2006 138
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Lovasz’ Partitioning Lemma

Let us first state the lemma more generally.

Lemma 4 (Lovasz) Let G = (V, E) be graph of maximum degree A, and letk be a
positive integer. Then, V can be partitioned into t = [(A + 1)/ (k + 1)] subsets
Vi,..., Vs, such that A(G[V;]) < kfori=1,2,...t

Local search algorithm:
Start with an arbitrary partition. If there is a vertex v of degree more than k
in the current subgraph, move it to a subgraph where it has k or fewer
neighbors. Repeat the above operation as often as needed.

Observe: t-(k+1) > A, sow cannot have k + 1 neighbors in every subgraph.

Potential function: The number of edges crossing subgraphs in the partition.

SN N
s “\ \ —

A

_r
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‘ Exact coloring of degree-3 graphs

No: x >3

Color G optimally

G has a 4-
clique

Color optimally
using FF

Color using
Brooks theorem

NHC Autumn School, 16 Nov 2006
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‘ Corollary:

= Linear time [ (A+1)/4 | approximation
o Can be reduced to (A+3)/4

NHC Autumn School, 16 Nov 2006
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Fast matrix multiplication
and graph algorithms

Uri Zwick
Tel Aviv University

NHC Autumn School on Discrete Algorithms
Sunparea Seto, Seto, Aichi Nov. 15-17, 2006

A AR D FHR RS

Overview

* Short introduction to fast matrix multiplication
* Transitive closure

* Shortest paths in undirected graphs

* Shortest paths in directed graphs

* Perfect matchings

Short introduction to
Fast matrix multiplication

mx
ij

Algebraic Matrix Multiplication

J

= (bij) = €= (cij)

n
Cij = Y _ kb
k=1

Can be computed naively in O(#°) time.

Matrix multiplication algorithms

Complexity Authors
n3 (by definition)
n28l Strassen (1969)
n2-38 Coppersmith, Winograd (1990)

Conjecture/Open problem: p2to() 999

Multiplying 2x2 matrices

< Ci1 Cro > _ ( Ay A > < Bi1 Bis )
Co1 Co A1 A By B
Ci11 = A11By1+ Ag2Boy

Ci2 = Ay1Bi2+ A2B2 8 multiplications
C21 = AsBq1+ AxsBoy 4 additions
Co2 = A21Bi2+ A22B2o

T(n) = 8 T(n/2) + O(n?)
T(}’l) = O(nlogS/logZ):O(n3)
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Strassen’s 2x2 algorithm

G\ =4,B,+ 4,8,
C,=4,8,+4,B,
Cy =4, B, + 4, B,,

M, =( Subtraction!
MZ ( 21 11
M, =4,(B,-By)
M

Cp = A4yBy, + 4,8, =4y (B, - B,)

M =(4,+4,)B,
Co=M+M,-M;+M, M= (4, —4,)(B,+B,)
Co =M, +M; M; = (4, —A,)(B, + By,)

C,=M,+M,
C, =M, ~ M, +M,+M, 7 multiplications

18 additions/subtractions

Strassen’s nxn algorithm

View each nxn matrix as a 2x2 matrix
whose elements are n/2 x n/2 matrices.

Apply the 2x2 algorithm recursively.

T(n) =7 T(n/2) + O(n?)
T(n) = O(n'og710e2)=0(n281)

Matrix multiplication algorithms

The O(n?>#®") bound of Strassen was
improved by Pan, Bini-Capovani-Lotti-
Romani, Schonhage and finally by
Coppersmith and Winograd to O(n?3®).

The algorithms are much more complicated...

We let 2 < » <2.38 be the
exponent of matrix multiplication.

Gaussian elimination

The title of Strassen’s 1969 paper is:
“Gaussian elimination is not optimal”

Other matrix operations that can
be performed in O(n®) time:

+ Computing determinants: detA .
« Computing inverses: 47!

* Computing characteristic polynomials

Rectangular Matrix multiplication

P n

n

n A X p B =n C

p
Cij = Z Qikbr;
k=1
Coppersmith (1997):
Complexity < n!-8p0-34+p2to(l)

For p <n’??, complexity = n’*o() 11!

TRANSIVE CLOSURE
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Transitive Closure

Let G=(V,E) be a directed graph.

The transitive closure G*=(V,E*) is the graph in
which (u,v)e E* iff there is a path from u to v.

Can be easily computed in O(mn) time.

Can also be computed in O(n?) time.

mx
ij

Boolean Matrix Multiplication

J

= (bij) =

e=(c,)

n
Cij = \/ ik N br;

k=1

Can be computed naively in O(»°) time.

Algebraic
Product

C = AB

Cij = E ik bk
K

Boolean
Product

C =A-B

Cij = \/aik A big;
k

(?

Algebraic
Product

C = AB

Cij = E @ik bk
K

Boolean
Product

C =A-B

Cij = \/aik A bi;
k

O(n2.38) ! O(n2.38) S
algebraic algebraic has no inverse!
operations operations

Algebraic Boolean Algebraic Boolean
Product Product Product Product

C = AB C =A-B C = AB C =A-B

Cij = E Qikbr;
k

O(n2.38)
algebraic
operations

Cij = \/aik N big;
k

But, we can work
over the !

Cij = E Qikbr;
p

O( n2.38)
algebraic
operations

Cij = \/aik A bi;
k

O(n2.38)
operations on
O(log n) bit words
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» Can you use Strassen’s algorithm or the
Coppersmith-Winograd algorithm to
compute Boolean matrix multiplications?

* No, as these algebraic algorithms use
subtractions and the Boolean-or (V)
operation has no inverse!

+ Still, we can run the algebraic algorithms
over the integers and convert any non-zero
result to 1.

Adjacency matrix

of a directed graph
1 5 001110
1 001 10
010011
6 00 0 O0O01
000 O0O0O0
2 000010

Exercise 0: If 4 is the adjacency matrix of a graph,
then (4),=1 iff there is a path of length k from i to ;.

Transitive Closure
using matrix multiplication

Let G=(V,E) be a directed graph.

The transitive closure G*=(V,E*) is the graph in
which (u,v)e E* iff there is a path from u to v.

If A is the adjacency matrix of G,
then (AvI)*! is the adjacency matrix of G*.

The matrix (AvI)*! can be computed by log n
squaring operations in O(n#®log n) time.

It can also be computed in O(#®) time.

B
4 | B
Yo A D
c | D
C
E | F (AVBD*C)* EBD*
X = =
G | H D*CE D*vGBD*

TC(n) <2 TC(n/2) + 6 BMM(n/2) + O(n?)

Exercise 1: Give O(n®) algorithms for
findning, in a directed graph,

a) atriangle
b) asimple quadrangle
c) asimple cycle of length £.

Hints:

1. Inan graph all paths are simple.
2. In ¢) running time may be exponential in k.

3. Randomization makes solution much easier.

SHORTEST PATHS

APSP — All-Pairs Shortest Paths
SSSP — Single-Source Shortest Paths
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An interesting special case
of the APSP problem

& 20 @ 3 @ C — A *B
O Cij = mlgn{aik—l—bkj}

Min-Plus product

Min-Plus Products

C =AxB

Cij = mkin{aimtbkj}

-6 -3 -10 1 -3 7
2 5 =2 = |40 5 +o
-1 -7 -5 8 2 -5

Solving APSP by repeated squaring

If 17 is an n by » matrix containing the edge weights
of a graph. Then /) is the distance matrix.

By induction, /7 gives the distances realized
by paths that use at most /= edges.

D«Ww

fori<1to |_log2n-|

do D « D*D
Thus: APSP(n) < MPP(n) log n
Actually: APSP(n) = O(MPP(n))

B

4 | B
Y A D

c | D

c

E | F (AVvBD*C)* EBD*
X = =

G | H D*CE D*/GBD*

APSP(n) <2 APSP(n/2) + 6 MPP(1/2) + O(n?)

Algebraic Min-Plus
Product Product
C=A4-B C=A4*B
c; = Zaikbkj C; = rnkin{aik +b,}
k
min opdration
2.38
O(n ) has no inverse!

UNWEIGHTED
UNDIRECTED
SHORTEST PATHS
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Directed versus undirected graphs

y y
X x
z z
8(x,2) <8(x,y) +0(y.2)  8(x,2) < d(x,y) + 8(y,2)
Triangle inequality 3(x,y) < 8(x,z) + d(z,y)

8(x,2) 28 (x,) — 8(y.2)

Inverse triangle inequality

Distances in G and its square G2

Let G=(V,E). Then G*>=(V,E?), where
(u,v)eE? if and only if (u,v)eE or there
exists we V' such that (u,w),(w,v)eE

Let 6 (u,v) be the distance from u to v in G.
Let 8%(u,v) be the distance from u to v in G2.

S————

d(u,v)=5 3% (u,v)=3

Distances in G and its square G (cont.)
S S
82(u,v) <[ 8(u,v)/2 |

N S, S

S(u,v) <28%(u,v)

Lemma: 8%(u,v)=|8(u,v)/2] , for every u,veV.

Thus: 8(u,v) = 28*(u,v) or
d(u,v) = 28%(u,v) -1

Distances in G and its square G* (cont.)

Lemma: If 8(u,v)=28%(u,v) then for every
neighbor w of v we have &%(u,w) >8 %(u,v).

Lemma: If 8(u,v)=28%(u,v)—1 then for every
neighbor w of v we have &%(u,w) < 8*(u,v) and
for at least one neighbor 8%(u,w) < 8*(u,v).

Let 4 be the adjacency matrix of the G.
Let C be the distance matrix of G2

Cu,w :Z Cu,waw,v = (CA)u,v deg(v) cu,v
w

2

(v,w)eE

Even distances

Lemma: If 8(u,v)=28%(u,v) then for every
neighbor w of v we have 8%(u,w) =6 %(u,v).

k
UE—o—o —o—— o3V
e <]
_______ w
Let 4 be the adjacency matrix of the G.
Let C be the distance matrix of G?
Z Cyw = Z Cuyw Qwy = f‘('{\“‘ 2 fi(‘}if\f‘}!‘“ v
(v,w)eFE wel

Odd distances

Lemma: If 8(u,v)=28%(u,v)—1 then for every
neighbor w of v we have &%(u,w) < 8*(u,v) and
for at least one neighbor &%(u,w) < 8%(u,v).

Exercise 2: Prove the lemma.

Let A4 be the adjacency matrix of the G.
Let C be the distance matrix of G2

S Couw E Cuw Qww

wel

(CA),, < deg(v)cus
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Seidel’s algorithm

. If A is an all one matrix,
then all distances are 1.

. Compute A2, the adjacency
matrix of the squared graph.

. Find, recursively, the distances
in the squared graph.

. Decide, using one integer
matrix multiplication, for every
two vertices u,v, whether their
distance is twice the distance in
the square, or twice minus 1.

Seide Assume that 4 has
1’s on the diagonal.

. If A is an all one matrix,
then all distances are 1.

Z| Boolean matrix

multiplicaion
. Compute A2, the adjacency
matrix of the squared graph.

. Find, recursively, the distances
in the squared graph.

Integer matrix

multiplicaion

Decide, using one integer
matrix multiplication, for every
two vertices u,v, whether their
distance is twice the distance in
the square, or twice minus 1.

Seidel’s algorithm

. If A is an all one matrix, Algorithm APD(A4)
then all distances are 1. if A=J then
. Compute 42, the adjacency return J—/
matrix of the squared graph. else
C—APD(4?)

. Find, recursively, the distances

in the squared graph. Xe—C4 , deg—de-1
. . ) dij<—2ci/.— [xl.].<c[jdeg/.]
. Decide, using one integer N '

! g return D
matrix multiplication, for every end
two vertices u,v, whether their
distance is twice the distance in Complexity'
the square, or twice minus 1. e
O(n®log n)

Exercise 3: (*) Obtain a version of
Seidel’s algorithm that uses only
Boolean matrix multiplications.

Hint: Look at distances also modulo 3.

Distances vs. Shortest Paths

We described an algorithm for
computing all distances.

How do we get a representation of
the shortest paths?

We need for the
Boolean matrix multiplication.

Witnesses for
Boolean Matrix Multiplication

C = AB
n
cij = \/ @ik A by

k=1

A matrix ¥ is a matrix of witnesses iff

If ¢;j = 0 then w;; =0

If ¢;j =1 then w;; = k where a;; = by; =1

Can be computed naively in O(#?) time.
Can also be computed in O(n®log n) time.
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Exercise 4:

a) Obtain a deterministic O(n®)-time
algorithm for finding unique witnesses.

b) Let 1<d<n be an integer. Obtain a
randomized O(n®)-time algorithm for
finding witnesses for all positions that
have between d and 2d witnesses.

¢) Obtain an O(n®log n)-time algorithm for
finding all witnesses.

Hint: In b) use

All-Pairs Shortest Paths

in graphs with small integer weights

Undirected graphs.
Edge weights in {0,1,...M}

Authors
[Shoshan-Zwick *99]

Running time

Mn®

Improves results of
[Alon-Galil-Margalit *91] [Seidel *95]

DIRECTED
SHORTEST PATHS

Exercise 5: Obtain an O(n®log n) time
algorithm for computing the diameter
of an unweighted directed graph.

Using matrix multiplication
to compute min-plus products

11 Cn . a by b,
ol |22 =X a4y ay by by

Cij = n’}ijn{a,'kirbkj}

Using matrix multiplication
to compute min-plus products

Assume: 0< a;, bijg M

11 an b by

'11 C'lz X X X
) ] o P
L Cly — P X x
ne M Mn ©
SIvnomi I operations per =  operations per
" r};ducts polynomial max-plus
P product product
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Trying to implement the
repeated squaring algorithm

Sampled Repeated Squaring (Z *98)

D«WwW . . ?(_ Wl ‘ol d Choose a subset of V
for i <1 to log,n Consider an easy case: ort e foogsn €0 of size (9nInn)/s
2 all weights are 1. {
do D < D*D s < (3/2)*
B < rand(V, (9nInn)/s)
After the i-th iteration, the finite D <« min{ D, D|V,B|*D[B,V] }
elements in D are in the range {1,...,27}. }

The cost of the min-plus product is 2/ n®

The cost of the last product is n**! !!!

Sampled Repeated Squaring (Z ’98) Sampled Repeated Squaring (Z *98)
D« W D«W
for i <1 to log,,n do for i <1 to log,,n do
{ {
s« (3/2)"1 s < (3/2)
B <« rand(V,(9nInn)/s) B <« rand(V,(9nlInn)/s)
D < min{ D, D|V,B]*D[B,V] } D <« min{ D, D|V,B]*D[B,V] }
} }

The is also a slightly more complicated
deterministic algorithm

. Sampled Repeated Squaring - Correctness
Sampled Distance Products (Z °98) , .
Dew Invariant: After the i-th
n for i <1 to log,,n do 5 B B
In the i-th q . iteration, distances that are
nine: s @GRy . . i
iterati the set B B < rand(V(0 In 1)/s) attained using at most (3/2)
n 1 era 10n9 e Se D« min{ D, D|V.B*D|B,}] } d t
— iS Of SiZC n 11’1 n / s } €dges are correct.
I bl
where s = (3/ 2)i+1 Consider a shortest path that uses at most (3/2)""! edges
at most at most
@ i 1(3Y 1(3Y 1(3)
Th? lfnamzes get_ | 2( 2) | 2( 2 )%%7(5)%|
smaller and smaller NI @
n =—— but the elements get
s/3
larger and larger . Faitre (1_9111 n) L g
/8/ ets =(G/2) probability * <
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Rectangular Matrix multiplication

P n

n’p
[Coppersmith *97]: 1 I 85p0' 344 p2to(l)

Naive complexity:

FOI‘p < n()_zg’ comp]exity = p2to(D) 11|

Complexity of APSP algorithm

The i-th iteration:

ninn/s S=(3/2)M
" S The elements are
n x i of absolute value
> at most Ms
n 0.54 n3
. 0.68_2.58
min{ Ms-n'® (—j ,— < M™"n
N S

Open problem:
Can APSP in directed graphs
be solved in O(n®) time?

Related result: [Yuster-Z’05]
A directed graphs can be processed in
O(n®) time so that any distance query can
be answered in O(n) time.

Corollary:
SSSP in directed graphs in O(n®) time.

The preprocessing algorithm (YZ °05)

D« W;B<«V
for i <1 to log,,,n do
{
s « (3/2)"
B < rand(B,(9n1In n)/s)
DIV,B] « min{D|V,B] , D|V,B|*D|B,B] }
DIB,V] <~ min{D[B,V], D|B,B|*D|B,V] }

The APSP algorithm

D«WwW
for i <1 to log,,n do

{
s < (3/2)"
B < rand(V,(9nln n)/s)

D« min{ D, D|V,B|*D[B,)}

Twice Sampled Distance Products

n

3
T T
T TT TTTT

&
ﬂﬂm =V n

&

B /8/
/B/

18/ /8/
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The query answering algorithm

| oy « Dl VI*DIV,0ll |

v

Query time: O(n)

The preprocessing algorithm: Correctness

Let B, be the i-th sample. B,0B,D8;D...

Invariant: After the i-th iteration, if ue B,or veB,
and there is a shortest path from u to v that uses at
most (3/2)" edges, then D(u,v)=05(11,v).

Consider a shortest path that uses at most (3/2)"! edges

at most

l(;)’ l(;)’ 1(3Y
2\ 2 2\ 2 2\ 2

—_ 0

at most

The query answering algorithm:
Correctness

Suppose that the shortest path from u to v
uses between (3/2)" and (3/2)""! edges

All-Pairs Shortest Paths

in graphs with small integer weights

Directed graphs.
Edge weights in {—M,...,0,...M}

Authors
[Zwick 98]

Running time

MO-68 p2.58

Improves results of
[Alon-Galil-Margalit *91] [Takaoka *98]

Answering distance queries

Directed graphs. Edge weights in {—M,...,0,...M}

Prepr.ocessmg Q}lery Authors
time time
Mn?-38 n [Yuster-Zwick "05]

In particular, any Mn’3% distances
can be computed in Mn?38 time.
For dense enough graphs with small enough edge

weights, this improves on Goldberg’s SSSP algorithm.
Mn?38 vs. mn®3log M

PERFECT MATCHINGS
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Matchings

P

A matching is a subset of edges
that do not touch one another.

Matchings

A matching is a subset of edges
that do not touch one another.

Perfect Matchings

P

A matching is perfect if there
are no unmatched vertices

Perfect Matchings

P

A matching is perfect if there
are no unmatched vertices

Algorithms for finding
perfect or maximum matchings

A matching M is a
maximum matching iff it
admits no augmenting paths

Combinatorial
approach:

O —0 O O O— —O

Algorithms for finding
perfect or maximum matchings

Combinatorial A matching Mis a
approach: maximum matching iff it
admits no augmenting paths
@ O O @ PN °
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Combinatorial algorithms for finding
perfect or maximum matchings

In bipartite graphs, augmenting paths can be
found quite easily, and maximum matchings
can be used using techniques.

In non-bipartite the problem is much harder.
(Edmonds’ Blossom shrinking techniques)

Fastest running time (in both cases):
O(mn'?) [Hopcroft-Karp] [Micali-Vazirani]

Adjacency matrix
of a undirected graph

5

The adjacency matrix of an
undirected graph is symmetric.

Matchings, Permanents, Determinants

det A = Y sign(ﬂ)ﬁam(i)
=1

TESR

per A = Z Ham(i)

TESy i=1

Exercise 6: Show that if 4 is the adjacency matrix
ofa graph G, then per 4 is the number of
perfect matchings in G.

Unfortunately computing the
permanent is #P-complete...

Tutte’s matrix
(Skew-symmetric symbolic adjacency matrix)

T12 T13 T14 Z15 0
Toy Tos 0

0

—T12 To3
T35  X36
0 x4

Ts56

6 —T13 —%23
—Ti4 —T2

2 —Z15

0 0 —T36 —T46 —T56
5
Tij
Qij =\ —Zji
0

—T25

if {i,j} € F and i < j,
if {i,j} € F and i > j,
otherwise

AT = _A

Tutte’s theorem

Let G=(V,E) be a graph and let 4 be its Tutte
matrix. Then, G has a perfect matching iff det 4 #0.

T12 0

1 2 ( 0 14 )
_ —T12 0 23 0
I:I A= 0 —xa3 0 —xgy
4 3 \—x14 0 -z O /

2 2 2 .2
det A = z79254 + 74253 + 221223234241 # 0

There are perfect matchings

Tutte’s theorem

Let G=(V,E) be a graph and let 4 be its Tutte
matrix. Then, G has a perfect matching iff det 4 #0.

1 2 0 212 213 214

—T19 0 0 0

: A= —ii 0 0 0

4 3 —&14 0 0 0
det A = 0

No perfect matchings
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Proof of Tutte’s theorem

det A = > sign(ﬂ)ﬁamm
i=1

TESy

Every permutation neS defines a cycle collection

T=(21456389710)

N oWl

Cycle covers

A permutation neS, for which {i,n(i)} €E,
for 1 <i <k, defines a cycle cover of the graph.

o 14O

Exercise 7: If " is obtained from 7 by reversing
the direction of a cycle, then sign(w’)=sign(m).
Tt T
airy) = + | [ @iz Dependingon the
E — E () parity of the cycle!

Reversing Cycles

+£1?34
it —x79 +x
—T36 +2x45 Ife
—T12 +Ts56 “+xg9
—T34
—T12 "
+Z79 T8
G +36 —T45
+x12 —T56 —Z89
L mn
: _ ' Depending on th
Hflm"(z‘) = £ || Girgi) pe fio le'
1 =1 parity of the cycle!

Proof of Tutte’s theorem (cont.)

det A = Z si_qn(‘ir)Ha,',rm
i=1

wES,

The permutations meS that contain an odd cycle
cancel each other! Thus we effectively sum only
over even cycle covers.

A graph contains a perfect matching
iff it contains an even cycle covers.

1]

o—o

An algorithm for perfect matchings?

* Construct the Tutte matrix A4.
* Compute detA.
» Ifdet4 # 0, say ‘yes’, otherwise ‘no’.

detA is a symbolic expression

Problem: that may be of exponential size!
Lovasz’s Replace each variable x; by a
solution: random element of Zp, where

p= O(n?) is a prime number.

The Schwartz-Zippel lemma

Let P(x,.x,,...,x,) be a polynomial of degree d

over a field . Let S c F. If P(x,.x,,...,x,)%0

and a,,a,,...,a, are chosen randomly and

independently from S, then

Pr[P(aj,az,...,a,) =0] < S|
Proof by induction on 7.

For n=1, follows from the fact that polynomial of

degree d over a field has at most d roots

d
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Lovasz’s algorithm for
existence of perfect matchings

Construct the Tutte matrix 4.

Replace each variable x;; by a random
element of Z,, where p=0(n?) is prime.
Compute det 4.

If det A # 0, say ‘yes’, otherwise ‘no’.

If algorithm says ‘yes’, then
the graph contains a perfect matching.

If the graph contains a perfect matching, then
the probability that the algorithm says ‘no’,
is at most O(1/n).

Finding perfect matchings

Rabin-Vazirani (1986): An edge {i,j} €FE is
contained in a perfect matching iff (471),#0.
Leads immediately to an O(n*!) algorithm:

Find an allowed edge {i,j} €E , delete it and it
vertices from the graph, and recompute 47!

Mucha-Sankowski (2004): Recomputing 4~
from scratch is very wasteful. Running time
can be reduced to O(n®) !

Harvey (2006): A simpler O(n®) algorithm.

SUMMARY AND
OPEN PROBLEMS

Open problems

An O(n®) algorithm for the directed unweighted

APSP problem?

An O(n*®) algorithm for the APSP

problem with edge weights in {1,2,...,n}?
O(n®) algorithm for

maximum or perfect matcing?

An O(n?>7?) algorithm for weighted matching

with edge weights in {1,2,...,n}?

Other applications of fast matrix multiplication?
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For Power Management

Kirk Pruhs
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Microprocessor Power Increasing Exponentially

-
-l
O

—-
[=]

-

Power (Watts)

o
=

1971 1974 1978

Year

1985 1992 2000

Source: Barkar, e Intel®
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Wwhy worry about power ?
Most Obvious Answer: Battery capacity increasing linearly

50

D
Rechargable Lithium S
_’_5 40
X
£
q Ni-Metal Hydride
2 % /
£
g
2 20
] Nickel-Cadmium
E
E 10
S
4
]
65 70 75 80 85 90 95
Year From Rabaey, 1995

\

=iy worry about power ?
Less Obvious Answer 2: Chips get hot

PPTH0PDF 1.4

Intel Hits “"Thermal Wall”

Reuters Friday May 7, 2004

SAN FRANCISCO, May 7 (Reuters) - Intel Corp. said on Friday it
has scrapped the development of two new computer chips ( code-
named Tejas and Jayhawk) for desktop/server systems in order
to rush to the marketplace a more efficient chip technology more
than a year ahead of schedule. Analysts said the move showed
how eager the world's largest chip maker was to cut back on the
heat its chips generate. Intel's method of cranking up chip speed
was beginning to require expensive and noisy cocling systems for
computers.

PRTI0POF 14

Laptops may damage male fertility

Reuters: December 9, 2004

Men should keep their laptops off their laps because
‘they could damage fertility, an expert said on Thursday.
Laptops, which reach high internal operating
‘temperatures, can heat up the scrotum which could
affect the quality and quantity of men's sperm. “The
increase in scrotal temperature is significant enough to
cause changes in sperm parameters,” said Dr Yefim
Sheynkin, an associate professor of urology at the
State University of New York at Stony Brook.
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Speed Scaling to Manage Power/Heat

What happens
when the
CPU cooler is
removed?

o

gtaﬁe

PPTt0 POF 14

Outline

0 Introduction
o Importance of power management for energy and
temperature
o Speed scaling power management technique
O Modeling energy and temperature
O Brief review of scheduling
o Brief history of the literature
0 Algorithmic results
o Offline optimal speed scaling algorithms
> Deadline feasibility and energy
> Deadline feasibility and temperature
> Flow time and energy
O Online speed scaling algorithms
> Flow time and energy
» Deadline feasibility and energy

Www., tomShafdwafe. de » Deadline feasibility and temperature
www.tomshardware.com
7 8
Power and Energy Design Space Standard Fixed Speed Processors
Constant Variable 0 Historical Intel Pentium processor speeds
Throughput/Latency Throughput/Latency
Energy | Design Time | Non-active Modules | Run Time Y S
Loglc Des'9n 880028866 4172/Y-:::Z
Red dV 80386DX 25 MHz
Active | = ulce. bo Clock Gating 486 DX2-66 66 Mz
Sizing 5x86-133 133 MHz
. entium 7. 75 MHz
Multi-Vyp e SR
Sleep Tr‘anSiS‘I‘or‘S Pentium 100 100 MHz
Multi-V. Multi-V, pentm s resvie
Leakage i T Var'iableD\Z- + Variable V; Pentium 200 200 MHz
Stack effect |+ Input control
9 10

PRTH0PDF 1.4

Intel Pentium 4 with Speed Scaling

Mobile Intel® Pentium® 4 Processor - M

Built on 0.13-micron process
technology and Intel®
NetBurst™ microarchitecture,
the Mobile Intel® Pentium® 4
Processor - M provides
innovative capabilties for
graphics-intensive multimedia
application: 50
excellent for processor-intensive backgroun:
such as col ion, encryption, and

Enhanced Inl tep® technology h nize
application performance and power consumption, and Deeper
Sleep Alert State, a dynamic power management mode, adjusts
voltage during brief periods of inactivity—even between Wihe
keystrokes—for longer battery lfe.

I Available Speeds

Chipset

Cache 512 KB On-Die Level 2 (L2) Cache

RAM upto 168 DOR SDRAM
System Frequency c
Bus

400 MHz

11
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Outline

0 Introduction
O Importance of power management for energy and
temperature
O Speed scaling power management technique
O Modeling energy and temperature
O Brief review of scheduling
O Brief history of the literature
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Relationship of Power, Energy, and Speed

Power

Time

Relationship of Power, Energy, and Speed

Power

Energy

Time

Relationship of Power, Energy, and Speed

Power is strictly
convex function
of speed

Power

Speed

Time

Relationship of Power, Energy, and Speed

Power

Speed

Work /

Time

"Cube Root Rule in CMOS Technologies(1)

0 Power P = Energy used per unit time
© = dynamic power +lealkeage-pewerd (

> Leakage power = power used when idling

o o o
EE 1000 M
?:E L P6 1 | :
$5 286 oo ::
28 8080 uo:f 386 1 RRRR
ot ms--i"'f ] i 11N
=Sl R

1971 1974 1978 1985 1992 2000 2004 2008

Cube Root Rule in CMOS Technologies(2)

0 Dynamic Power P=c V2 s
>V = voltage
> s = frequency = processor speed
> € = some constant
0 There is a minimum voltage V required to run
the processor at speed s, and V is roughly
linear in s.
uP=csd
O Speed is cube root of power
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Newton's Law of Cooling(1)

pr

Newton's Law of Cooling(2)

0 Key Assumption: fixed ambient temperature T,

0 Newton's Law: rate of cooling is proportional to the
temperature difference

0 Equation

H

dT/dt=P-b(T-T)=P-bT KG |

IA"

o T = Temperature

O t=time

O P = supplied power

O b is constant cooling parameter
o For simplicity rescale so that T, =0

19

0 If supplied power P =0, then temperature
decays exponentially with half-life 6(1/b)

dT/dt=-bT 5@\‘:4:
[ale

0 Theorem: Maximum temperature = O(
maximum over time intervals I of length 1/b
of energy used during I)

20

Understanding dT/dt =P - bT

-

Outline

0 Theorem: Maximum temperature ~
maximum energy over an interval of length 1/b

0 If b=0, then maximum temperature = total energy
0 If b=e, then maximum temperature = maximum power

0 Definition: An algorithm is cooling oblivious if O(1)-
approximate for temperature for all b

0 Theorem: A cooling oblivious algorithm is O(1)-
approximate for total energy, maximum power, and
maximum speed

21

0 Introduction

O Importance of power management for energy and
temperature

O Speed scaling power management technique
O Modeling energy and temperature

O Brief review of scheduling

O Brief history of the literature

22

Online Scheduling Without Speed Scaling

Online Scheduling Without Speed Scaling

+~— work w;, —

Reléase
Time ry

Input

Current
Time

Schedule

23

Input

Schedule

24
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Online Scheduling Without Speed Scaling

PRTHPOF 14

Online Scheduling Without Speed Scaling

Input
Current
Time
Schedule

25

Input

Schedule

26
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Online Scheduling Without Speed Scaling

PRTHOPOF 14

Standard Scheduling Problem Without Speed Scaling

Current
Time

Schedule

27

0 Find a job selection policy A that optimizes some
Quality of Service (QoS) measure of the schedule
0 The two QoS measures that we care about
here are:
O Deadline feasibility = each job i finishes by a
specified deadline d,
> Optimal job selection policy: Earliest Deadline
First (EDF)
o Tol:;ral (Average) flow time = Sum of flow times of
oDs
! » Flow time F; of a job i is completion time C; - r;
> Most common QoS measure in systems literature

» Optimal job selection policy: Shortest Remaining
Processing Time (SRPT)

28
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Outline

0 Introduction

O Importance of power management for energy and
temperature

O Speed scaling power management technique
O Modeling energy and temperature

O Brief review of scheduling

O Brief history of the literature

29
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History

0 [YDS95] Frances Yao, Alan Demers, and Scott Shenker, A
Scheduling Model for Reduced CPU Energy, FOCS 95. First
theoretical paper on energy management.

© QoS = deadline feasibility

0 2004 -: 10's of Elaper-s on speed scaling of jobs with deadlines.
Concentrate on the following papers which introduced
temperature management.

o [BKPO4] Nikhil Bansal, Tracy Kimbrel, and Kirk Pruhs, Dynamic Speed
caling to Manage Energy and Temperature, FOCS Zb(}x

© [BPO4] Nikhil Bansal, and Kirk Pruhs, Speed Scaling to Manage
emperature, STACS 2005

0O 2004 - : 3 papers on speed scaling for flow time problems

o [PUWO4] Kirk Pruhs, Patchrawat Uthaisombut, and Gerhard
oeginger, Getting the Best Response for Your Erg, SWAT 2004

© [AFO6] Susanne Albers and Hiroshi Fujiwara, Energy-efficient

algorithms for flow time minimization , STACS 06.

o [BPSO7] Nikhil Bansal, Kirk Pruhs and Cliff Stein, Speed Scaling for

eighted Flow, SODA 2007

30
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Outline

PPTt0 POF 14

Outline: Offline optimal speed scaling algorithms

0 Introduction
0 Algorithmic results
o Offline optimal speed scaling algorithms
> Deadline feasibility and energy
> Deadline feasibility and temperature
> Flow time and energy
O Online speed scaling algorithms
> Flow time and energy
> Deadline feasibility and energy
> Deadline feasibility and temperature

31

0 Deadline feasibility and energy
O Simple greedy algorithm
O Proof of correctness comes from KKT conditions
of convex programming formulation
0 Deadline feasibility and temperature
O Show that Ellipsoid algorithm can be applied to
convex programming formulation
0 Flow time and energy
O Restrict to unit work jobs so that we can have a
convex programming formulation
O Show how to trace the optimal flow time schedule
as a function of the avuiIE:bIe energy

32
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Deadline Feasibility and Energy

PPTt0 POF 14

Offline YDS Algorithm [YDS 95]

0 Input: A collection of tasks, where task i has
O Release time r;when it arrives in the system
o Deadline d; when it must finish by
O Work requirement w;

U The processor must perform w; units of work on each task i
after time r; and before time d, (Preemption is allowed)

U For each time, the scheduler must specify both
o Job Selection Policy: which job to run
> wlog, may assume EDF
O Speed Setting Policy: set speed the processor should run at
0 Objective: Minimize the total energy subject to
deadline feasibility

33

0 Repeat

© Find the interval T with maximum intensity

» Intensity of time intervalI = Z w,/ |I|
Where the sum is over tasks i with [r;, d]inI

O During I
> speed = the intensity of I
> earliest deadline first scheduling policy

o Remove I, and the jobs completed in I

34
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YDS Example(1)
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YDS Example(2)

0 Input

[ 1
L i
release

( deadline
time Area = work of job

35

First Interval

—

Intensity

Second Interval
Intensity = green work + blue work

Length of solid green line
36
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YDS Example(3)

PRTIOPOF 14

YDS Theorems

0 Recall input was: -

0 Final YDS Schedule
O Height = processor speed

37

0 Easy Theorem: The YDS schedule is optimal for
maximum power (b=c).
o Proof: Every schedule must have maximum power equal to the
power of the first interval that YDS considers.
0 Theorem (YDS95) : The YDS schedule is optimal for
energy (b=0).
O Our Proof (on next slides): A cute consequence of KKT
optimality
0 Theorem (BPO5): The YDS schedule is cooling
oblivious. That is, YDS at worst 20-competitive with
respect to temperature for all cooling parameters b

O Proof idea: If YDS uses a lot of energy over an interval of
length 1/b then every schedule uses almost that much
energy over some interval of length 1/b

38
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Correctness Proof of YDS Algorithm for Energy [BPO5]

PRTI0POF 14

KKT Optimality Conditions(2)

Interval Indexed Convex Program

min E
< Wi j j=1,...,'n
i€J=1(j)

s
AN
[t
+ @
SS
| |=
g

<
N
=
x

|

E g
N
A
=

Wi j >0 i=1,...,m ]EJ(z)

*W;; = work on job j in interval i

*Interval i = [t;, t,;] = maximal time period with no
release times or deadlines

«J(i) = jobs that can run in interval i

39

Consider a strictly-feasible convex differentiable program

min fo(z)
filz) <0 i=1,...,n

A sufficient condition for a solution x to be optimal is the
existence of Lagrange multipliers A, such that

filg) €0 i=1...n

A >0 i=1l,..,n
Aifilz) = 0
Vi(z)+ Y AVfi(z) = 0

i=1

40
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Introducing Lagrange Multipliers

PRTI0POF 14

KKT Optimality Conditions (3)

Interval Indexed Convex Program

min E
q] ’lUj S w,"j j=1, s
i)
m
ZjeJ(a] %)
tini—t) < E
Vi Wi >0 i=1,...,m JeJ(i)

41

0 The w;; component of the gradient equation is
-1
Dkerq) Wik !
—aj+fp (% —%;=0
ip1 — b

0 If w;, >0 (thatis, job jis run in interval i) then Vij =0 by
complementary slackness. Hence,

p—1
EZEJ(:’) Wi,k
aj=p| —""—7-
tiy1 — &

0 Therefore, a task j is run at the same speed s; in every interval in
which it is run.

0 Note a; = p 5P

42
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KKT Optimality Conditions (4)

PPTt0 POF 14

Outline: Offline optimal speed scaling algorithms

0 If w; =0 then

-1
E:eJ(i]wi.k g
yij=p | =20 22

(1)
ps®

74;.

tiy1— b

0 This has a solution with v, ; >= 0 if the speed that the processor is

run during interval i is >= s;

0 Since YDS satisfies these conditions, it is optimal

43

0 Deadline feasibility and energy
O Simple greedy algorithm
O Proof of correctness comes from KKT conditions
of convex programming formulation
0 Deadline feasibility and temperature
O Show that Ellipsoid algorithm can be applied o
convex programming formulation
0 Flow time and energy

O Restrict to unit work jobs so that we can have a
convex programming formulation

O Show how to trace the optimal flow time schedule
as a function of the available energy

44
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Offline Speed Scaling to Minimize Temperature

PPTt0 POF 14

MaxW Subproblem

0 Convex program formulation of determining whether
temperature T, is feasible

w; <Y wij 1<j<n
izl (i)
> wij < MoaW(ti, tiy1,T;, Tiga) 1<i<m—1
Jed(i)
0<T 1<i<m
0 < wj 1<i<m,1<j<n

0 MaxW(t;, 1.y, T, T.y) = maximum work that can be accomplished
during time interval [t;, t,,], starting at temperature T;, ending at
temperature T, maintaining the invariant that T< T, .,

0 To apply Ellipsoid algorithm we need to be able to find
subgradient of MaxW(t;, 1,3, T;, T,,;) constraints

45

0 You start at time t, with temperature T, and want to
end at time t, with temperature T,. What is the
maximum work you can accomplish subject o the
constraint that the temperature T remains < T, .. ?

T

max P

T

To

Temperature

t,=0 time

46
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Solution without Boundary Constraint T ¢ T, (1)
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Solution without Boundary Constraint T ¢ T, (2)

0 You want to find the T that maximizes maximum work
o W=Jsdt
> By cube root rule P = 3
» SoW= [ P3
> Recall femperature equation dT/dt =P-b T=s3-bT
o W= [ ((dT/dt + bT)/a)/3 dt
4 By fundamental theorem of calculus of variations, T
satisfies
o Fr=dFp /dt
» Functional F(T, T) = ((dT/dt + bT)/a)/3
> T'=dT/dt
> Fy = the partial of F with respect to T
» Fr. = the partial of F with respect to T'

47

0 Evaluating Fr = d F /dt and solving for T we
get
o T =cexp(-bt)+dexp(-3bt/2)
O Where d = (T, exp(-bt,) - T,)/(exp(-bt,) - exp(-
3bt,/2))

oand ¢ = T, - d and are constants determined
from the boundary conditions

U Plugging T back into the integral [ ((dT/dt +
bT)/a)/3 dt we get
O Max Work = (-4d/ab?)V/3 (1-exp(-bt, /2))

48
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Solution without Boundary Constraint T ¢ T, (3)

o

o

Solution with Boundary Constraint T<T

max

o b=.1,Ty=0,t=20,and T, =50

100

80

Temperature
T 50
Euler Curve
40
20
s 10 15 20
Time

49

Derivative of
Euler Curve

Euler
Curve

t time t

50

Outline: Offline optimal speed scaling algorithms

o

o

QoS measure = Total Flow Time

0 Deadline feasibility and energy
O Simple greedy algorithm
O Proof of correctness comes from KKT conditions
of convex programming formulation
0 Deadline feasibility and temperature
O Show that Ellipsoid algorithm can be applied to
convex programming formulation
0 Flow time and energy

O Restrict to unit work jobs so that we can have a
convex programming formulation

O Show how to trace the optimal flow time schedule
as a function of the available energy

51

u Flow time f; of a job i is completion time C; - r;
0 Minimize total/average flow time subject to
the constraint that at most E energy is used

0 We make the simplifying assumptions that all
jobs have the same (unit) amount of work

O In this case the optimal job selection policy is
First Come First Served.

O We thus focus on speed setting policy.
U wlog assume, Py <r, < .. <y,

52

Convex Programming Formulation

KKT Optimality Conditions

zm'an,.

i=1

S
D
i=1

x;

1< E

Ci1+z <0y

ritz; < Cy

a x, = execution time of task i

53

0 Total energy of E is used
a G <r, implies p; = p,
O p; = power of task i
Q> r, implies p; = .1 + py
ag =r,, implies p, < p; < iy + P,

54

— 551 —




PRTH0PDF 1.4

KKT Optimality Conditions

a Total energy of E is used

aC <r, implies p;=p,

QG >ry, implies p; = p,y + Py

A =ry, implies p, < p; < piy + Py

PPTt0 POF 14

KKT Optimality Conditions

a Algorithmic Difficulties:
O This doesn't tell us the value of p,

> Solution: Binary search
ra

© Don't know the value of p, when C; = r;, i
> Solution: Can calculate since EE

a Example: you know interval when job runs

Pz2*Pn P2
r. r.
: i T o Don't know if C; <r;,(,Ci=r,;, or C>ry,
. ] %izlg > Easy for high energy E, C, <r,,,
P = > Solution: Trace out optimal schedules as E
Pa*pn P2 Pn Pn 3 2 TP decreases

55 56
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One Curve For Each Configuration

PRTH0PDF 1.4

Configurations

High Energy
Flow

rz ry time \%
. =00
=< i
Configurations -
> I S 000
>- NN 000

. energy
Low Energy : :
T, on oo,

57 58
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TIntuition
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6(n?) Time Algorithm

0 Intuitively as you lose energy, jobs should run slower,
but this intuition is false

0 Example:
o Higher energy: p;=2p; and p, = p3

O Lower energy: p; = 3p; and p, = 2 p3

0 Decrease p, (or equivalently energy), keeping track of the
schedule until the energy used is < E
O Saving 6race: The schedule is a continuous function of p,

. O Only O(n) structural changes in
schedule

o Structural changes are either

» a C, becoming = to r,,

» or a C; becoming > than r,,

N

1

o py/p, decreases and job 2 speeds up as we lose energy

59 60
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A Concrete Example
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What Goes Wrong With Arbitrary Work Jobs

Arbitrary length

more energy = = =
A <ced| 3 3+d ss
E=3 R —— Open Question: What is the ==
=<<q| . 2 3 & complexity of finding optimal =<
E=2.260 —— O =3 flow time schedules when
~7 1 2260 3 4.260 Jobs have arbitrary work? ===
E=1282 B ] eE {
smes| 1328 ] 3 4673 Job 2 speeds up Optimal scheudule
E=1.147 —— T is not a continuous
e 1.399 3 5.017 function of energy E
Al
less energy N e SV Y|
d 2.145d 3.587d time
61 62
Outline Outline: Online speed scaling algorithms

0 Introduction
0 Algorithmic results
© Offline optimal speed scaling algorithms
O Online speed scaling algorithms
> Flow time and energy
> Deadline feasibility and energy
» Deadline feasibility and temperature

63

0 Online speed scaling algorithms
O Review
> Competitiveness
> Local competitiveness
> Resource augmentation
> Amortized local competitiveness
O Flow time and energy
O Deadline feasibility and energy
O Deadline feasibility and temperature

64
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Competitive Analysis

0 Competitive ratio of algorithm A =
max; A(L)/Opt(T)
o A(I) is the total flow time on input I using algorithm A
O Opt(I) is the total time for the optimal schedule
0 An algorithm with a competitive ratio of 2 means that
it guarantees flow time at most 2 times optimal on all
inputs

65
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Standard Local Competitiveness Analysis to Prove Competitiveness

0 Standard local competitiveness analysis technique:
O Show that at all times, the increase in the objective function
G for the candidate algorithm A is competitive with the
increase in the objective function for an arbitrary algerithm

Opt
dGA(t) _ dGon(t)
a = at

O y is competitive ratio

66

— 553 —




Total Flow Time Objective

PRI

Total Fractional Flow Time Objective

B =
———

Input

Schedule

Ll
-

*Fy+ F, + F3 = J; number of unfinished jobs at time t dt
*Increase in total flow objective = number of dlive jobs

67

Input

n=2/3+9
*n, = fractional unfinished jobs at time +
*A job that is 1/3 finished counts 2/3 toward nt
*Fractional flow = [, n,dt
*Increase in fractional flow objective = n, -

Questions

P

Example Local Competitiveness Argument(1)

0 What is the optimal algorithm for total flow
time?

O Shortest Remaining Processing Time (SRPT) = run
the job that has the least work remaining
unfinished

0 What is the optimal algorithm for total
fractional flow time?

© Shortest Job First (§JF) = run he job that initially
had the least work

69

0 Theorem [Folklore]: Shortest Remaining Processing Time
(SRPT) is optimal for total flow time for fixed speed processor

o Proof:

dG(t)/dt =
Number Opt
of
unf_inished SRPT
jobs
Time

70

Example Local Competitiveness Argument(1)

P

Nonclairvoyant Schedulers

0 Theorem [Folklore]: Shortest Job First (SJF) is optimal for
total fractional flow time for fixed speed processor
0 Proof:

dG(t)/dt =
Number Opt
of
unf_inished SIF
jobs
Time

71

0 One can not in general implement SRPT in an
operating system setting since one doesn't
know processing time of a job

0 A nonclairvoyant job selection policy doesn't
know the work (processing time) of a job when
it arrives

0 Example nonclairvoyant job selection policy
O Shortest Elapsed Time First (SETF)
O Run the job that has been run the least so far

O Favors newly arriving jobs until that have been run
as much as old jobs

72
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Resource Augmentation Analysis [KP 95]

PRTIOPOF 14

Classic Server QoS Curves

0 Compare the limited (e.g. online) algorithm with more resources
(e.g. a faster processor or more processors) to the optimal
algorithm with less resources

0 Online algorithm A is s-speed c-competitive if
max; A,(I)/Opty(I)<c

O Subscript denotes processor speed

0 Example: A 2-speed 3-competitive algorithm equipped with a
speed 2 processor Fuar'an‘l'ees an average response time at most
3 times the optimal average response time for a 1 speed
processor

73

That SETF is s-speed
c-competitive means

Online
eg. SETF |s
Average
response ¢
time
Low |oqd ngh |Oﬂd

Fast processor Slow Processor
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Old Chinese Saying:

PRTI0POF 14

Example Local Competitiveness Argument(2)

0 Two blind shoemakers are better than one
politician

A E
=TRE
e E B -

\

(\

@v
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0 Theorem [KP95]: Shortest Elapsed Time First (SETF) is (1+¢)-
speed O(1 + 1/ g)-competitive for total flow time
0 Proof: Lety = competitive ratio

dG(t)/dt = SETF,,
Number /
of
unfinished
jobs

Time
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Why Local Competitiveness won't work with Speed Scaling

PPTI0PDF 14

Algorithm A is Amortized Locally y-Competitive for Objective & with
Potential Function &

Opt may be doing way
better at this time

Opt

Power

A

\k__

Time
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0 Boundary Condition
Intuition:
& = an energy bank for
the online algorithm

®(0) = 0 and ®(+o00) >0

0 Running Condition

dG A(t) i < ’YdGo,,t(t)

dt dt

Removing potential change returns
us to local competitiveness condition
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Local Competitiveness and Speed Scaling

pr

Outline: Online speed scaling algorithms

dGa(t) | d®(t) _ dGop(t)
Opt =+ <7 &
A
Power
Time
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0 Online speed scaling algorithms
O Review
» competitiveness
> local competitiveness
» resource augmentation
> Amortized local competitiveness
O Flow time and energy
O Deadline feasibility and energy
O Deadline feasibility and temperature

80

First Observation About Speed Scaling for Flow Problems

P

Energy/Flow Trade-Off Problem Definition [AF06]

0 Bounded Energy Problem
O Minimize total flow time

O Subject to the constraint that the energy
consumed is bounded by E, the energy in the
battery

0 Theorem: There is no O(1)-competitive online
algorithm for the bounded energy problem
O Proof Idea: How much energy do you give the first

job that arrives?

o If it is not an £2(E) then you are not O(1)-
competitive

81

0 Job i has release date r; and work y;
0 Optimize total flow + p * energy used

0 Natural interpretation: User specifies an
energy amount p that he is willing to spend to
get a unit improvement in response

oe.g. If the user is willing to spend 1 ergs of
energy for a 3 microsecond improvement in
response, then p=3.

0 wlog, p=1.

82

Offline Bounded Energy Problem

Energy/Flow Trade-Off Results

0 Recall that the KKT optimality conditions
imply that in a normal schedule, power of job i
p; is proportional to the number of jobs
delayed by job i
© Normal = no job completes at exactly the time that

another job is released

0 [AF06] Propose online algorithm naturally
suggested by this corollary
© Online lower bound to delayed jobs:

> Number of alive jobs < number of jobs that the
selected jobs de]]qys

O Online speed scaling algorithm:
> p; = number of alive jobs

83

0 [AF06] Show natural online algorithm is about
400-competitive for unit-work jobs when the
cube-root rule holds (a =3)

O Reasoned about optimal schedule

u [BPSO7] show this algorithm is 4-competitive
for all a for unit-work jobs

0 [BPSO7] show a natural generalization of this
algorithm for arbitrary weight and arbitrary
work jobs is about 20-competitive when the
cube-root rule holds
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Running Condition for Flow Plus Energy Objective

PRTIOPOF 14

Running Condition for Flow Plus Energy Objective

0 If objective G is flow plus energy then

W _ () + p(t) = nlt) + s(t)

O s(t) = speed at time t
O p(t) = power at time t
O n(t) = number of jobs alive at time t
0 And thus the running condition
dG a(t) do(1) dGopt(t)

<
a  a =V &

0 becomes

Pa(®) + 30" - 2{rop®) + 5050 + 2 <0

85

ma(®) +30)7 ~ 2{n0p(®) + s05e ) + To < 0

0 Als suggests the speed scaling algorithm

0 With this speed scaling algorithm, the running
condition reduces to

2n.4(0) - 2(n0ptl) + s0pe)") + o2 <0
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[BPSO7] Unit Work Flow

PRTI0POF 14

[BPSO7] Unit Work Flow

0 Theorem: For unit-weight unit-work jobs, the
natural speed scaling algorithm is 2-
competitive with respect to fractional flow
plus energy

O Proof: Amortized local competitiveness argument
with potential function

87

O A drop of intuition:
» Standard potential function
e.g Edmonds 1999 analysis of Round Robin
»® = future online cost - y (future adversary
costs)
assuming no more jobs arrive
» Standard potential function generally works if
the worst case future for the online algorithm
is if no more jobs arrive

PPTH0PDF 1.4

[BPSO7] Unit Work Flow

PRTI0POF 14

[BPSO7] Unit Work Flow

o Standard potential function here would be something like
Q(t) —n4 (t)(2a+1)/a _ nopt(t)(20+1)/a

o Doesn't work when n, > ng,, and one new job arrives.

O Inspeed scaling problems, the empty future is apparently
never the worst case future for the online algorithm.

© So we end up using:

"= (23%1) (max(0,n4() ~ mop (1)) ** "

o Note that this new potential function decreases faster when
n, > ngy, and a new job arrives

89

O Recall

o(t) = (23%1) (max(0,n4(t) — nopt(t)))(20+1)/a

O Trivially @ is initially zero, and never negative

O When a job completes, ® remains unchanged since
we are considering fractional weight

O When a job arrives, ® remains unchanged since
both n, and ng,, increase by 1.

O So we are left to consider times when no jobs
arrive or are completed
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MEEPSO7] Unit Work Flow

O Recall

o(t) = (23%1) (max(0,n4(£) — nopg(t)))(z"‘“)/“‘

O If ny <ngy then &= 0 and d@/dt = 0, and by setting
y=2 we have that

204(0) — (o (®) + s0m(0%) + 222 < 0

91

2
ORecall o) — 2% max(0,ma(1) ~ nop ()"
O If ny > ngy then
o (t)

dt

d(ng — n

= 2(1(71“, = na)ﬁ i u)

= ~2a(ns — 1) (sa — s0)

= —2a(ng — n,,)ﬂ(n:‘,/"‘ — 80)
aP INYP pa

O By Young inequality: # -+ (;) 72

as(t)
o We get ~a S2Me—mo)+25
setting y=2, we get

2na(t) = v(nop(t) + s0p:(t)) + %
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WEéPSO7] Unit Work Flow

P

Weighted Flow Plus Energy Objective

a Corollary: For unit-weight unit-work jobs, the
natural speed scaling algorithm is 4-
competitive with respect to flow plus energy

93

0 Problem definition: each job has a weight and the QoS objective
is the weighted sum of flow times

0 Job selection algorithm= Highest Density First (HDF)
© Density = weight/work

0 The natural speed scaling algorithm is now

[0
s4(t)* = wa(t)
O where w (1) is fractional weight of unfinished jobs
0 and the running condition is then
d®(t)

2wa(t) — v(wopt (t) + sop:(t)*) + “ <0

0 Everything is essentially the same, except that "weights”
replace "number of jobs” and that the potential function will
have to be different

94

WEéPSO7] Weighted Flow

WEéPSO7] Weighted Flow

0 Theorem: For arbitrary work and weight jobs,
the natural speed scaling algorithm is (2a-2)-
competitive with respect to fractional
weighted flow plus energy

O Proof: Amortized local competitiveness argument
with more complicated potential function.
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O Intuition: The following potential function works for unit
work jobs

o
wOpt)

o) = wl M wa -

O Intuitively this potential is the future online cost
minus the future adversary cost assuming that the
adversary has to work at least the speed that
online is now working
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Proof Continued

© More intuition: Notice that this same potential function also
works for unit density jobs

- (07
o)) = W (wa — - wom)

o Now if all jobs have inverse density h, some calculation shows
that the potential function should be multiplied by h

— {073
() =h-wE  (wy — o7 wom)

97
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Proof Continued

© More intuition: Now if you have jobs with different
densities, the weight of the lower density jobs should add to
the weight in the potential for higher density jobs. The
potential for inverse density h jobs is then

2
- L wop(h))

®(t) = b wa() @D/ *(wa(h)

» w(h) is fractional weight of alive jobs with inverse density
at least h

O Summing up the potential for all the possible densities gives
us our potential

2a

Ta-1

o(t) = Y b wa(h) @V (wa(h)

h

wopi(h))
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Proof Continued

o Or equivalently

o(t) = ',,/;:0 (wA(h)("*l)/"‘(wA(h) _ 042706

= 1wg,,t(h))) dh

o To finish we need to verify the running condition

ao(t)
—<
dt L

2wa(t) — v(wopt (£) + s0p()*) +
a Corollary: For arbitrary work and weight jobs, there
is a speed scaling algorithm that is 20-competitive
with respect to weighted flow plus energy when the
cube-root rule holds

O Proof: Uses resource augmentation analysis of HDF from
[BLMPO1]
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Outline: Online speed scaling algorithms

0 Online speed scaling algorithms
O Review
» competitiveness
> local competitiveness
> resource augmentation
> Amortized local competitiveness
O Flow time and energy
O Deadline feasibility and energy
O Deadline feasibility and temperature

100
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Natural Online Algorithms Given in YDS95

0 Average Rate (AVR): Run each job I at rate
di
(di-r)
0 Optimal Available (OA): After each arrival,
recompute the YDS schedule assuming no
more arrivals.

O Essentially dll jobs are treated as having equal
release times

101
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First Example Instance

AVR
: w;=1/8
H wi=1/2
a1
0 1/4 1/2 1

OA and Optimal

102
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Second Example Instance

PPTt0 POF 14

Results for Online Scheduling to Mange Energy

AVR and OA

w,=1/4 =1/

w,=1/2

—-

0 1/4 1/2

Optimal

103

0 YDS95
O pP lower bound on competitive ratio for AVR
> Easy to see this lower bound also holds for OA
© 2p-1pP upper bound on competitive ratio for AVR
> Complicated spectral analysis

0 BKPO4

o Tight pP bound on competitive ratio of OA

© New online algorithm BKP with competitive ratio at most 8 e?,
for p at least 2.

O BKP is e-competitive with respect to the objective function
MaX,n.s + Speed at time 1

> No deterministic algorithm can have a better competitive
ratio.

104
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Upper Bound on Competitive Ratio for OA (1)
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Upper Bound on Competitive Ratio for OA (2)

0 Introduce potential function @
O If all deadlines are equal then

¢- SOAI:,-1 (p Woa = pz wadv)

O wgy be work left for OA

O Wy, be work left for the adversary

O 5o be speed OA is working

O 8,4, be speed that the adversary is working

105

0 Recall & = s4P (p woa - P2 Waqy)
0 We then need to show

dGa(t) | dO(t) _ dGou()
dt a7 at

O Here G = energy

© d6/dt = power

O Need to consider 2 cases:
> When OA runs a job and
> when a new job arrives

106
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Outline: Online speed scaling algorithms

0 Online speed scaling algorithms
O Review
» competitiveness
> local competitiveness
» resource augmentation
> Amortized local competitiveness
O Flow time and energy
O Deadline feasibility and energy
O Deadline feasibility and temperature

107
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Online Speed Scaling to Minimize Temperature

0 It is clear that neither the online algorithms proposed
by YDS, that is, OA and AVR, are not O(1)-competitive
with respect to temperature

w.=1/4 w;=1/8

wi=1/2 a
d

0 1/4 1/2 1
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e Lower Bound on Competitiveness for Maximum Speed(1)

0 The adversary releases work at the speed s,y (1) =
-1/ ((1-t)In &) that the adversary works

0 The deadline for all work =1

Sadv

PRTIOPOF 14

e Lower Bound on Competitiveness for Maximum Speed

0 If the adversary stops releasing work at some time t > (e-
1)/e, then by some calculation the first YDS interval will be
[et - (e-1), 1] and thus the optimal maximum speed is

Jet—(e=1) Sads()d1
1— (et —(e—1))

0O A c-competitive online algorithm can work no faster than c
times this amount

0 Then ¢ needs to be sufficiently large so that online finishes
all work by time 1. By calculation, ¢ has to be at least e.

1/
t
109 110
BKP Algorithm BKP Analysis
o Algorithm Description: a ;Il':\:gri'ﬁ;ns(BKPO@ BKP completes all jobs by their
i = eorem : is cooling obliviou at i
Speed k(t) at time t o Th BKPO4): BKP is cooling obl s, that is,
* . O(1)-competitive with respect fo temperature for all
> : .
e * maximum over all 1-2 t of o Proof: If YDS does y(t) work at time t, then we modify the
> w; / ('['2 - 1'1) instance so that y(t) work arrives at time + with deadline ++1
O This transformation doesn't effect YDS and won't decrease
) o speed/temperature for BKP
O Sum is over jobs i with 1, = et - (e-1)t, <r<tandd <1, o Show that [, */5 k(t) dt (an upper bound for the energy used
by BKP during a interval of length 1/b) is O(1) times the
energy that YDS uses during that interval
»Hilbert's Theorem, Hardy and Littlewood
inequalities
L=et-(et r d t q t, 0 Corollary: BKP is O(1)-competitive with respect to
total energy and maximum power
o Proof: BKP is cooling oblivious
111 112
Summary of Results for Deadline Scheduling Exercise
0 Assume that we want to minimize the total flow time plus 4 times the energy, for unit work
Recall Jobs. Assume that the power is the cube of the speed. By applying the KKT optimality
B Equals . . conditions, explain how to recognize an optimal schedule. Recall the KKT optimality
dT/dt = Max, [ pgp | Offiine Online conditions are
aP-bT 4+ min fo(z) file) €0 i=l..,n
; 1,.
fil) <0 i=1,..,n ez e
Optimal YDS5 algorithm O(1)-competitive ) ifi(z) = 0
Energy Yo YDS 1995 algorithms Viola) *E’\'VM’) =0
b=0 B Cute correctness procf OA AVR : YDS 1995 i=t
BP2005 BKP : BKP 2004
O We consider the online algorithm A for minimizing fractional flow time plus energy for unit
Ellipsoid Exact work jobs. Assume that power = the square of speed. Recall that speed s, for A is then
BKP is n,)?, where n, is the fractional number of um‘lmsh:dr|cbs (fractional means that a job
Temperature BKP 2004 o) titi that is 1/3 finished only adds 2/3 to n,). The fractional flow for A is the iqfe;r‘nl over time
P x= 6(1/b) DS is O(1)-approximation (1)-competitive of n,. We wish o show that A 'is O(1)-Competitive using a different potential function,
O<b<¢o PP BP2005 namely & = o(n,3/2 - 4n,U2n,,.,), where o is some constant, Here ngy is the
BP2005 fractional number of jobs r‘hzmammg in the optimal solution.
O First show that the equation 2n, + y(n.,, + s¢,7) + d@/dt < 0 holds at times when no jobs
arrive, for some constant
. . > Hints: First evaluate d®/dt; Recall dn,/dt= - s, Using Young's inequality we know
Maximum Optimal YDS alaorith BKP is strongly eP- that (n,)? s« n,/2 + 5,,°/2. This is not too hard.
Power L (Al CIE Al competitive ©  Then show the potential function @ does not increase when a new job arrives, that is
x=infinitesimal | DS 1995 when n, and n_ | both increase by 1.
b=oo BKP 2004 P
113 115
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