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Why?Why?

Ten years as a complexity theorist.Ten years as a complexity theorist.
Looking back at the best theorems during Looking back at the best theorems during 
that time.that time.
Computational complexity theory Computational complexity theory 
continually produces great work.continually produces great work.
Use as springboard to talk about research Use as springboard to talk about research 
areas in complexity theory.areas in complexity theory.
LetLet’’s recap the favorite theorems from s recap the favorite theorems from 
19851985--1994.1994.



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 1Favorite Theorem 1

BoundedBounded--width Branching Programs width Branching Programs 
Equivalent to Boolean FormulaEquivalent to Boolean Formula

Barrington 1989Barrington 1989



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 2Favorite Theorem 2

Parity requires 2Parity requires 2ΩΩ(n(n1/d1/d)) gates for circuits of gates for circuits of 
depth d.depth d.

HHååstad 1989stad 1989



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 3Favorite Theorem 3

Clique requires exponentially large Clique requires exponentially large 
monotone circuits.monotone circuits.

Razborov 1985Razborov 1985



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 4Favorite Theorem 4

Nondeterministic Space is Closed Under Nondeterministic Space is Closed Under 
ComplementComplement

Immerman 1988 and Immerman 1988 and SzelepcsSzelepcséényinyi 19881988



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 5Favorite Theorem 5

Pseudorandom Functions can be Pseudorandom Functions can be 
constructed from any oneconstructed from any one--way function.way function.

ImpagliazzoImpagliazzo--LevinLevin--LubyLuby 19891989
HHååstadstad--ImpagliazzoImpagliazzo--LevinLevin--LubyLuby 19991999



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 6Favorite Theorem 6

There are no sparse sets hard for NP via There are no sparse sets hard for NP via 
bounded truthbounded truth--table reductions unless table reductions unless 
P = NPP = NP

OgiharaOgihara--Watanabe 1991Watanabe 1991



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 7Favorite Theorem 7

A pseudorandom generator with seed of A pseudorandom generator with seed of 
length O(slength O(s22(n)) that looks random to any (n)) that looks random to any 
algorithm using algorithm using s(ns(n) space.) space.

Nisan 1992Nisan 1992



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 8Favorite Theorem 8

Every language in the polynomialEvery language in the polynomial--time time 
hierarchy is reducible to the permanent.hierarchy is reducible to the permanent.

Toda 1991Toda 1991



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 9Favorite Theorem 9

PP is closed under intersection.PP is closed under intersection.
BeigelBeigel--ReingoldReingold--SpielmanSpielman 19941994



Favorite Theorems 1985Favorite Theorems 1985--9494
Favorite Theorem 10Favorite Theorem 10

Every language in NP has a Every language in NP has a 
probabilistically checkable proof that can probabilistically checkable proof that can 
be verified with be verified with O(logO(log n) random bits and n) random bits and 
a constant number of queries.a constant number of queries.

AroraArora--LundLund--MotwaniMotwani--SudanSudan--SzegedySzegedy 19921992



Kyoto, March 2005Kyoto, March 2005

Invited Talk at Invited Talk at 
NHC Conference.NHC Conference.
Twenty years in Twenty years in 
field.field.
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DerandomizationDerandomization

Many algorithms use Many algorithms use 
randomness to help randomness to help 
searching.searching.
Computers donComputers don’’t have t have 
real coins to flip.real coins to flip.
Need strong Need strong 
pseudorandom pseudorandom 
generators to generators to 
simulate randomness.simulate randomness.



Hardness vs. RandomnessHardness vs. Randomness

BPP BPP –– Class of languages computable Class of languages computable 
efficiently by probabilistic machinesefficiently by probabilistic machines
1989 1989 –– Nisan and Nisan and WigdersonWigderson

If exponential time does not have circuits that If exponential time does not have circuits that 
cannot solve EXPcannot solve EXP--hard languages on average hard languages on average 
then P = BPP.then P = BPP.

Many extensions leading to Many extensions leading to ……



Favorite Theorem 1Favorite Theorem 1

If there is a language computable in time 2If there is a language computable in time 2O(n)O(n)

that does not have 2that does not have 2εεnn--size circuits then P = BPP.size circuits then P = BPP.
ImpagliazzoImpagliazzo--WigdersonWigderson ‘‘9797



PrimalityPrimality

How can we tell if a number is prime?How can we tell if a number is prime?



Favorite Theorem 2Favorite Theorem 2

Primality is in PPrimality is in P
AgrawalAgrawal--KayalKayal--SaxenaSaxena 20022002



Complexity of PrimalityComplexity of Primality

Primes in coPrimes in co--NP: Guess factorsNP: Guess factors
Pratt 1975: Primes in NPPratt 1975: Primes in NP
SolovaySolovay--StrassenStrassen 1977: Primes in co1977: Primes in co--RPRP
Primality became the standard example of Primality became the standard example of 
a probabilistic algorithmsa probabilistic algorithms
Primality is a problem hanging over a cliff Primality is a problem hanging over a cliff 
above P with its grip continuing to loosen above P with its grip continuing to loosen 
every day. every day. –– HartmanisHartmanis 19861986



More Prime ComplexityMore Prime Complexity

GoldwasserGoldwasser--KilianKilian 19861986
AdlemanAdleman--Huang 1987Huang 1987

Primes in RP: Probabilistically generate Primes in RP: Probabilistically generate 
primes with proofs of primality.primes with proofs of primality.

FellowsFellows--KublitzKublitz 1992: Primes in UP1992: Primes in UP
Unique witness to primalityUnique witness to primality

AgrawalAgrawal--KayalKayal--SaxenaSaxena –– Primes in PPrimes in P



DivisionDivision

Division in NonDivision in Non--uniform uniform LogspaceLogspace
BeameBeame--CookCook--Hoover 1986Hoover 1986

Division in Uniform Division in Uniform LogspaceLogspace
Chiu 1995Chiu 1995

Division in Uniform NCDivision in Uniform NC11
ChiuChiu--DavidaDavida--LitowLitow 20012001

Division in Uniform TCDivision in Uniform TC00
HesseHesse 20012001



Probabilistically Checkable Probabilistically Checkable 
ProofsProofs

From 1994 list:From 1994 list:
Every language in NP has probabilistically Every language in NP has probabilistically 
checkable proof (PCP) with checkable proof (PCP) with O(logO(log n) random n) random 
bits and constant queries.bits and constant queries.
AroraArora--LundLund--MotwaniMotwani--SudanSudan--SzegedySzegedy

Need to improve the constants to get Need to improve the constants to get 
stronger approximation bounds.stronger approximation bounds.



Favorite Theorem 3Favorite Theorem 3

For any language L in NP For any language L in NP 
there exists a PCP using there exists a PCP using 
O(logO(log n) random coins and n) random coins and 
3 queries such that3 queries such that

If x in L verifier will accept If x in L verifier will accept 
with with probprob ≥≥ 11--εε..
If x not in L verifier will If x not in L verifier will 
accept with accept with probprob ≤≤ ½½..

HHååstadstad 20012001



Approximation BoundsApproximation Bounds

Given a 3CNF formula we can find Given a 3CNF formula we can find 
assignment that satisfies 7/8 of the assignment that satisfies 7/8 of the 
clauses by choosing random assignment.clauses by choosing random assignment.
By By HHååstadstad cancan’’t do better unless P = NP.t do better unless P = NP.
Uses tools of parallel repetition and list Uses tools of parallel repetition and list 
decodable codes that we will see later.decodable codes that we will see later.



ConnectionsConnections

Beauty in results that tie together two Beauty in results that tie together two 
seemingly different areas of complexity.seemingly different areas of complexity.



ConnectionsConnections

Beauty in results that tie together two Beauty in results that tie together two 
seemingly different areas of complexity.seemingly different areas of complexity.
Extractors Extractors –– Information TheoreticInformation Theoretic

Extractor
0110Random

010010101
011100101 Close to RandomHigh Entropy



ConnectionsConnections

Beauty in results that tie together two Beauty in results that tie together two 
seemingly different areas of complexity.seemingly different areas of complexity.
Extractors Extractors –– Information TheoreticInformation Theoretic
Pseudorandom Generators Pseudorandom Generators --
ComputationalComputational

PRG
0110 010010101

Fools Circuits
Small Seed



Favorite Theorem 4Favorite Theorem 4

Equivalence between Equivalence between 
PRGsPRGs and Extractors.and Extractors.
Allows tools for one to Allows tools for one to 
create other, for create other, for 
example example ImpagliazzoImpagliazzo--
WigdersonWigderson to create to create 
extractors.extractors.

Trevisan 1999Trevisan 1999



SuperlinearSuperlinear BoundsBounds

Branching ProgramsBranching Programs
Size corresponds to space needed for computation.Size corresponds to space needed for computation.
Depth corresponds to time.Depth corresponds to time.

We knew no nonWe knew no non--trivial bounds for general trivial bounds for general 
branching programs.branching programs.



Favorite Theorem 5Favorite Theorem 5

NonNon--linear time lower linear time lower 
bound for Boolean bound for Boolean 
branching programs.branching programs.
Natural problem that Natural problem that 
any linear time any linear time 
algorithm uses nearly algorithm uses nearly 
linear space.linear space.
AjtaiAjtai 19991999



Parallel RepetitionParallel Repetition
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Parallel RepetitionParallel Repetition
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Favorite Theorem 6Favorite Theorem 6

Parallel Repetition Parallel Repetition 
does reduce error does reduce error 
exponentially in exponentially in 
number of rounds.number of rounds.
Useful in construction Useful in construction 
of optimal PCPs.of optimal PCPs.
RazRaz 19981998



List DecodingList Decoding
00101110



List DecodingList Decoding
00101110
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List DecodingList Decoding
00101110
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List DecodingList Decoding
00101110

010001100101001110010101010111001110111110001110
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List DecodingList Decoding
00101110

010001100101001110010101010111001110111110001110



List DecodingList Decoding
00101110

010001100101001110010101010111001110111110001110

10010010
00101110
10111000
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Favorite Theorem 7Favorite Theorem 7

List Decoding of List Decoding of 
ReedReed--Solomon Codes Solomon Codes 
Beyond Classical Beyond Classical 
Error BoundError Bound

Sudan 1997Sudan 1997

Later Later GuruswamiGuruswami and and 
Sudan gives Sudan gives 
algorithm to handle algorithm to handle 
believed best possible believed best possible 
amount of error.amount of error.



Learning CircuitsLearning Circuits

Can we learn circuits Can we learn circuits 
by making by making 
equivalence queries, equivalence queries, 
i.e., give test circuit i.e., give test circuit 
and get out and get out 
counterexample.counterexample.
No unless we can No unless we can 
factor.factor.



Favorite Theorem 8Favorite Theorem 8

Can learn circuits with equivalence queries and Can learn circuits with equivalence queries and 
ability to ask SAT questions.ability to ask SAT questions.

BshoutyBshouty--CleveCleve--GavaldGavaldàà--KannonKannon--TamonTamon 19961996



CorollariesCorollaries

If SAT has small circuits, we can learn If SAT has small circuits, we can learn 
circuit for SAT with SAT oracle.circuit for SAT with SAT oracle.
If SAT has small circuits then PH If SAT has small circuits then PH 
collapses to ZPPcollapses to ZPPNPNP..

KKööblerbler--Watanabe Watanabe 



Quantum Lower BoundsQuantum Lower Bounds
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Quantum Lower BoundsQuantum Lower Bounds
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Favorite Theorem 9Favorite Theorem 9

RazborovRazborov 20022002
NN1/2 1/2 quantum bits quantum bits 
required to compute required to compute 
set set disjointnessdisjointness, i.e., , i.e., 
whether the two whether the two 
strings have a one in strings have a one in 
the same position.the same position.
Matches upper bound Matches upper bound 
by Buhrman, Cleve by Buhrman, Cleve 
and and WigdersonWigderson..



DerandomizingDerandomizing SpaceSpace

Given a randomized Given a randomized 
log n space algorithm log n space algorithm 
can we simulate it in can we simulate it in 
deterministic space?deterministic space?
Simulate any Simulate any 
randomized algorithm randomized algorithm 
in login log22 n space.n space.

Savitch 1969Savitch 1969



Favorite Theorem 10Favorite Theorem 10

SaksSaks--Zhou 1999Zhou 1999
Randomized log space can be simulated in Randomized log space can be simulated in 
deterministic space logdeterministic space log3/23/2 n.n.



ConclusionsConclusions

Complexity theory has had a great decade Complexity theory has had a great decade 
producing many groundproducing many ground--breaking results.breaking results.

Every theorem builds on other work.Every theorem builds on other work.
Wide variety of researchers from a cross Wide variety of researchers from a cross 
section of countries.section of countries.

New techniques still needed to tackle the New techniques still needed to tackle the 
big separation questions.big separation questions.



The Next DecadeThe Next Decade

Favorite Theorem 1Favorite Theorem 1
Undirected Graph Connectivity in Undirected Graph Connectivity in 
Deterministic Logarithmic SpaceDeterministic Logarithmic Space
ReingoldReingold 20052005


	My Favorite Ten Complexity Theoremsof the Past Decade II
	Madras, December 1994
	Why?
	Favorite Theorems 1985-94Favorite Theorem 1
	Favorite Theorems 1985-94Favorite Theorem 2
	Favorite Theorems 1985-94Favorite Theorem 3
	Favorite Theorems 1985-94Favorite Theorem 4
	Favorite Theorems 1985-94Favorite Theorem 5
	Favorite Theorems 1985-94Favorite Theorem 6
	Favorite Theorems 1985-94Favorite Theorem 7
	Favorite Theorems 1985-94Favorite Theorem 8
	Favorite Theorems 1985-94Favorite Theorem 9
	Favorite Theorems 1985-94Favorite Theorem 10
	Kyoto, March 2005
	Derandomization
	Hardness vs. Randomness
	Favorite Theorem 1
	Primality
	Favorite Theorem 2
	Complexity of Primality
	More Prime Complexity
	Division
	Probabilistically Checkable Proofs
	Favorite Theorem 3
	Approximation Bounds
	Connections
	Connections
	Connections
	Favorite Theorem 4
	Superlinear Bounds
	Favorite Theorem 5
	Parallel Repetition
	Parallel Repetition
	Parallel Repetition
	Favorite Theorem 6
	List Decoding
	List Decoding
	List Decoding
	List Decoding
	List Decoding
	List Decoding
	Favorite Theorem 7
	Learning Circuits
	Favorite Theorem 8
	Corollaries
	Quantum Lower Bounds
	Quantum Lower Bounds
	Favorite Theorem 9
	Derandomizing Space
	Favorite Theorem 10
	Conclusions
	The Next Decade


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


