
C o m p u t i n g N a s h E q u i l i b r i aSupplemental Le
ture Notes for 
s566 - November 9, 2004Commissioned by Prof. David AvisS
hool of Computer S
ien
e, M
Gill UniversityWe �rst derive 
onditions for equilibria for zero sum games, then generalize them for non-zero sumgames. Let 1n denote a 
olumn ve
tor of n ones. Let A be a m�n payo� matrix for Ali
e. Let (x; y),with x 2 Rm; y 2 Rn, be the strategies used by Ali
e and Bob respe
tively. The LP formulation for azero sum game based on A is: max z (1)1nz � xTA1Tmx = 1 (2)x � 0min w (3)1mw � Ay1Tny = 1 (4)y � 0Note that these are a dual pair of LPs. In the �rst LP, if Ali
e 
hooses strategy x, Bob's bestrepsonse is to sele
t from the minimum 
omponents of the ve
tor xTA. Bob's payo� is �z. In these
ond LP, if Bob 
hooses strategy y Ali
e's best response is to 
hoose from the maximum 
omponentsof the ve
tor Ay. Ali
e's payo� is w. By the duality theorem of LP, at optimality z = w, and this isthe value of the game. The 
orresponding strategies (x; y) are equilibrium strategies: no player 
animprove the out
ome by deviating unilaterally from his/her equilibrium strategy. The 
omplementarysla
kness 
onditions for LP di
tate that this o

urs when the following additional 
onditions hold:yT (xTA� 1nz) = 0 (5)xT (1mw �Ay) = 0 (6)For example, if w > Aiy (Ai is the i-th row of A) then Ali
e will not 
hoose row i, so xi = 0.We move to non-zero sum games. Now there is no notion of a value of the game, but the idea ofequilibrium strategies does generalize to this 
ase. Let B be a m� n payo� matrix for Bob, and let vbe his payo�. By substituting v = �z in (1), we may rewrite the �rst LP:1



min v (7)1nv � xT (�A)1Tmx = 1 (8)x � 0Letting B repla
e �A as Bob's payo� matrix and dropping the obje
tive fun
tions, we get the 
on-straint sets: 1nv � BTx1Tmx = 1 (9)x � 01mw � Ay1Tny = 1 (10)y � 0Then (x; y), with x 2 Rm; y 2 Rn, is a Nash Equilibrium pair of strategies if:xT (1mw �Ay) = 0 (11)yT (1nv �BTx) = 0 (12)A simple pro
edure for 
omputing equilibrium pairs is as follows. We observe that (9) de�nesa polyhedron in Rm+1 and (10) de�nes a polyhedron in Rn+1: We �rst 
ompute the verti
es of thesetwo polyhedra, using a pa
kage su
h as lrs (http://
gm.
s.m
gill.
a/~avis/). For ea
h pair of verti
es(v; x;w; y) from the polyhedra (9) and (10) respe
tively, we 
he
k the 
onditions (11) and (12). Thepair is an equilibrium pair if the 
onditions (11) and (12) are satis�ed.EXAMPLE: A = 24 0 62 53 3 35 ; B = 24 1 00 24 3 35We �rst prepare the lrs input �les. The format is a list of the 
oeÆ
ients of inequalities in theformat b+ 
x � 0: The linearity option is used to spe
ify an equation. The inputs are:2



for (9):H-representationlinearity 1 6begin6 5 integer0 1 -1 0 -40 1 0 -2 -30 0 1 0 00 0 0 1 00 0 0 0 1-1 0 1 1 1end
for (10):H-representationlinearity 1 6begin6 4 integer0 1 0 -60 1 -2 -50 1 -3 -30 0 1 00 0 0 1-1 0 1 1endUsing these inputs, we run lrs and we get the vertex lists:v x1 x2 x31 1 0 02/3 2/3 1/3 02 0 1 08/3 0 1/3 2/34 0 0 1 and w y1 y23 1 03 2/3 1/34 1/3 2/36 0 1Thus there are 20 pairs (v; x;w; y) to test 
onditions (11) and (12) on. But things 
an be done a bitmore simply by �xing x and then listing ve
tors y (if any) that form a pair with x: We rewrite (11)and (12) as xi = 0 or Aiy = w i = 1; :::;m (13)yj = 0 or BTj x = v j = 1; :::; n (14)where Ai is row i of A; BTj is 
olumn j of B.Take x = (0; 0; 1); v = 4. We 
ompute:BT1 x = (1; 0; 4)(0; 0; 1) = 4 = vBT2 x = (0; 2; 3)(0; 0; 1) = 3 6= v:By (14), any Nash Equilibrium (x; y) with this x must have y2 = 0: The only 
andidate isy = (1; 0) with w = 3: We need to 
he
k (13). Sin
e only x3 > 0; we 
he
k A3y = (3; 3)(1; 0) = 3 = w:This means that (0; 0; 1); (1; 0) is a Nash Equilibrium, and this is the only pair with x = (0; 0; 1):Pro
eeding for ea
h x we get a 
omplete list of Equilibria: (0; 0; 1); (1; 0); (0; 1=3; 2=3); (2=3; 1=3); and(2=3; 1=3; 0); (1=3; 2=3):Exer
ise: 
he
k this list is 
orre
t! 3


